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Abstract

In this thesis, we present an approach to characterising fast-reaction lim-
its of systems with nonlinear diffusion, when there are either two reaction-
diffusion equations, or one reaction-diffusion equation and one ordinary dif-
ferential equation on unbounded domains. Here, we replace the terms of the
form wu,, in usual reaction-diffusion equation, which represent linear diffusion,
by terms of form ¢(u),,, representing nonlinear diffusion. For appropriate
initial data, in the fast-reaction limit k — oo, spatial segregation results in
the two components of the original systems each converge to the positive
and negative points of a self-similar limit profile f(n), where n = %, that
satisfies one of four ordinary differential systems. The existence of these self-
similar solutions of the kK — oo limit problems is proved by using shooting
methods which focus on a, the position of the free boundary which separates
the regions where the solution is positive and where it is negative, and -,
the derivative of —¢(f) at n = a. The position of the free boundary gives us
intuition how one substance penetrates into the other, so for specific forms of
nonlinear diffusion, the relationship between the given form of the nonlinear

diffusion and the position of the free boundary is also studied.

Key Words: Nonlinear diffusion; Reaction diffusion problem; Fast reaction;

Free boundary; Self-similar solution.
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Notation

Rt :={z:0<xz < o0}

st :=max {0, s}

s~ :=min {0, s}

Sri={(x,t):0<x <00, 0<t<T}

Qr ={(z,t):xeR, 0<t < T}

Q. :={£eWH((0,k))| £ =0at z =0}

Fr={£€ C1([0,R] x [0,T]) ] £(0,t) = ¢(-,T) = 0 for t € (0,7)}

Fr:=4{£e€CYSy): £0,t)=¢&(-,T)=0fort € (0,T) and supp& C [0, J] x [0,T]
for some J > 0}

Fri={6 € C'Qr): &(,T) =0 and suppé C [J, J] x [0,7]
for some J > 0}

a: the position of the free boundary which separates the regions where
£() > 0 and where f(y) < 0 and lim £() = 0 = lim £(n).

7= = lim &' (F(m) S (n)-

f(n;a,~): self-similar solution of the k& — oo limit problems for given a, 7.

liH(l) f(n;a,v), half-line case,
bla,y) =9 " '
lim f(n;a,7), whole-line case.
n——00

d(a,y) = lim f(1;a,7).
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Chapter 1

Introduction

The reaction diffusion problem

(

Ut = Ugy — I{ZUU, (ZE,t) € (07 OO) X (07T)
= —kuwv, ,t) € (0, x (0,T
o=k mOEOx)x0.1)
u(0,t) = U, fort € (0,7)
\ u(z,0) =0, v(z,0) =V, for z € (0, 00)

originates from the chemical reaction
k
A+ B —C,

occurring in a semi-infinite region. Here u represents concentration of the
chemical A which may disperse in the substrate through diffusion, v repre-
sents concentration of the immobile substrate B, and k is the rate constant
of the reaction (which is positive). The chemical reaction can be modelled for
simplicity by the one-dimensional spatial domain (0, 00) with u = U at the
surface x = 0. That u and v are nonnegative is natural since they typically
correspond to concentration of chemical substances.

In [17], Hilhorst, van der Hout and Peletier studied the asymptotic be-

haviour of k-dependent solutions (u*, v*) of (1.1) as k — oo (i.e. the reaction
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is very fast). They established a free boundary problem which is satisfied in

the limit when solution (u*,v*) converges to a self-similar limit (u,v) (%)
as k — oo. The free boundary has the form = = av/t, where a > 0 and
divides the area in which the mobile chemical A is present from the area
where A is absent. The fast-reaction limit of (1.1) can be motivated by the
study of penetration of radio-labeled antibodies into tumourous tissue since
the attachment of antibodies to antigens in the tissue may react very fast.
Modelling can give rise to other systems related to (1.1) such that the
fast-reaction limit in which one mobile substance invades a mobile substrate.
Among other problems, Crooks and Hilhorst [10] studied the system analo-
gous to (1.1) when reactant u and substrate v are both mobile, for example,
when carbonic acid penetrates into water. In this case, the substrate will
diffuse, which is modelled by introducing a term d,v,, where d, > 0. The
paper [10] is concerned with the free boundary problems in the limit that
k — oo in four cases: d, > 0 with two mobile reactants, d, = 0 with one
mobile and one immobile reactant, problems defined on the spatial domain
(0,00) as in (1.4) and also on the whole real line R, which can arise, for
instance, in modelling neutralisation of an acid and a base that are initially
separated. In all four cases, the free boundary has the form z = a+/t where
the constant a is determined by a different equation in each case and plays
an important role in characterising the rate of penetration of one substance
into the other in the limit £ — oo. When the problem is considered on the
spatial domain R with d, > 0, the constant a in the corresponding limit is
not necessarily positive. Note that when a > 0, substance u penetrates into
substance v, while on the other hand, v penetrates into u when a < 0. For

each of the problems with d, > 0 on both the spatial domains R and (0, 00),

an explicit formula is given in [10] for the self-similar limit function.



Nonlinear diffusion is needed in certain modelling scenarios to describe
processes involving fluid flow, heat transfer or diffusion. For instance, it
can describe the flow of an isentropic gas through a porous medium [8].
The analogue of (1.1) with nonlinear diffusion in bounded multi-dimensional
domains is studied in [18] by Hilhorst, van der Hout and Peletier. They
consider the substrate u with nonlinear diffusion modelled with a term A¢(u),
where ¢(u) = [’ D(s)ds and D is the diffusivity of the medium. Under
assumptions in [18], D(s) may vanish at s = 0, so the equation for u need
not be uniformly parabolic. Thus [18] focuses on weak solutions since it is
possible that the system studied has no classical solution. In studying of the
multi-dimensional limiting free boundary problems in [18], the free boundary
['(t) of the limit problem is assumed as a smooth surface that lies entirely
within the bounded domain and varies smoothly with ¢.

Unlike in the case of linear diffusion, explicit self-similar solutions to
the limit problems obtained in the nonlinear diffusion case are not readily
available. We briefly mention here two distinct alternative approaches that
have been used previously to investigate self-similar solutions in the one-
dimensional nonlinear diffusion case. Atkinson and Peletier [2] studied a
self-similar solution on a bounded domain by looking first at the initial value
problem starting at the free boundary, and then investigating how the value
of this solution at 7 = 0 depends on the position of the free boundary. Similar
problems but on unbounded domain are studied by Craven and Peletier [7]
using a shooting method. These ideas will form the starting point for proving
existence of self-similar solutions for the limit problems derived in this thesis
in Chapter 3.

A prototype for the form of nonlinear diffusion considered with this thesis

is (u™)zz, where m > 1. Throughout this thesis, we will consider nonlinear



diffusion terms of the form ¢(u),,, where the function ¢ € C%*(R), ¢ and ¢’

are assumed to be strictly increasing with
#(s) >0 as s> 0 and ¢'(s) = ¢(s) =0 when s = 0. (1.2)

In studying existence of self-similar solutions in Chapter 3 and Section 4.4,
we will also require that ¢ satisfies

L) <00 .
/0 7 df <oo and /1 7 df = oc. (1.3)

Here the self-similar solutions of the limit problems with nonlinear diffusion

have the same ansatz as in the linear diffusion case, in the sense that w(zx,t) =
f(n) where n = x/\/t, see [2, 7]. Note that this contrasts with the famous
family of special solutions of the porous medium equation u; = (u"),, known
as Barenblatt solutions, that represent heat release from a point source and
take as initial data a Dirac mass, where m appears explicitly in the solution
ansatz. In this thesis, our initial data is bounded and we always consider
self-similar solutions of the form f(z/v/t), and will study how the profile f
of these solutions is affected by the nonlinear diffusion.

We treat two pairs of problem with nonlinear diffusion terms on the spatial
domains R* and R. The first pair of problems defined on the half-strip
St = {(z,t) : 0 <x <00,0<t<T}, one with ¢ > 0 and the other with

e =0, are
up = P(U) g — kuv, (x,t) € (0,00) x (0,7,
vy = €P(V) ge — kuv, (x,t) € (0,00) x (0,7, (1.4)
w(0,8) = Up,  £6(v)4(0,2) =0, for te(0,7), '
\ u(r,0) = ul(z), v(x,0)=0f(z), for ze&R".

As in [17] kuv is the contribution of a chemical reaction where k determines

the reaction rate. We define, as in [10], the initial data for the limiting
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self-similar solutions as

- Uy x =0, - 0 xz =0,
0 x>0, Vo x>0,

which equal constant initial conditions on the half-line in [17], where U and

Vi are positive constants, and choose the initial data uf, v that satisfy
(i) ug, vg € C*(RY);
(ii) 0 <wuf < Up, 0 <vh < Vp;

(iii) uf — us®, vh — v in L'(RT) as k — oo.

(iv) For each r > 0, there exists a continuous function w, : RT — R with

wr(p) = 0 as p — 0 and
lug (- +0) = ug (M2 (roon + 106 (- +0) = 05 ()22 ((r00)) < wir(0),
for all k > 0,4 < 7.

For both ¢ = 0 and ¢ > 0, we will prove the existence and uniqueness
of weak solutions (u*,v*) of problem (1.4) for every & > 0, and study the
asymptotic behaviour of (u*,v¥) as k — oo. As we will see, the limits u of
u® and v of v* are separated by a free boundary and given by the positive

and negative parts respectively of a function w, that is
u=wtand v=—w",

where s7 = max{0, s} and s~ = min{0, s}. We show that this limit function
w has one of two self-similar forms, depending on whether € > 0 or € = 0.
The function f : RT — R decribes a self-similar limit solution such that

w(x,t) = f(n) where n = x//t for (x,t) € Sp. There is a free boundary



at 7 = a with f(n) > 0 when 7 < a and f(n) < 0 when n > a and the

self-similar solution f(n) satisfies the boundary conditions f(a) = 0 and

V= —}]i;r(llcb'(f(n))f'(n)- (1.5)

When ¢ > 0, the existence of self-similar solutions is proved by using a two-
parameter shooting methods focusing on a and v. When ¢ = 0, 7 has a

specific form, namely

and the existence of self-similar solutions is proved by a one-parameter shoot-

ing, since vy depends on a.

The second pair of problems is defined on the strip Qr := {(x,t) : z € R,

0 <t < T}, one with € > 0 and the other one with ¢ = 0 are

up = O(U) g — kuv, (z,t) e R x (0,7),
Uy = €¢(U>zz - kUU, (l‘,t) €R x (0, T), (16)

u(r,0) = ul(z), v(x,0)=0f(z), for z€eR,
where we define, as in [10] that

- Uy xr <0, 0 x <0,

0 x>0, Vo x>0,
with Uy, Vp positive constants, k as in (1.4) and initial data uf, v§ satisfy
(i) ug, vg € C*(R);
(i) 0 < ub < Uy, 0<0vf <V,

(iii) uf — us®, vh — v in L'(R) as k — oo.



(iv) There exists a continuous function w : RT +— RT with w(u) — 0 as

@ — 0 and
lug (- +8) = ug ()l 1y + 105 (- + 8) = 05 () |1y < w(),
forall £k >0, 6 € R.

Note that for simplicity, we use the same notation ui°, vg° for both half-
line and whole line functions.

We again consider both the case of two mobile reactants where € > 0,
and the case of one mobile and one immobile reactant, when ¢ = 0. Similar
to the half-line case, we also prove the existence and uniqueness of weak
solutions (u*,v*) of problem (1.6), and study the convergence to self-similar
limit profiles (u,v) as k — co. We use arguments similar to those in half-
line case to prove the existence of a self-similar limit solution f of (1.6). If
e > 0, we may have a < 0, a = 0 and a > 0 where f(a) = 0, since a is not
necessarily positive in the whole-line case.

The work of this thesis continues and extends earlier studies of fast-
reaction limits [10][17][18] and self-similar solutions with nonlinear diffusion
[2][7], by introducing the nonlinear function ¢, in both the case of two mobile
reactants (¢ > 0) in addition to that of one mobile reactant (¢ = 0) and in
considering the whole-line problem (1.4) in addition to the half-line problem
(1.6). In [18], the existence of weak solutions is proved by looking at a se-
quence of uniformly parabolic problems in which ¢/ (u) > % and studying
the solutions in the limit as n — oco. We exploit some ideas and an iterative
method from [18], but our domains are unbounded and when £ > 0, the
equations for both u and v of (1.4) and (1.6) have nonlinear diffusion and
are not uniformly parabolic. In the problems treated in [10], where the dif-

fusion is linear and the problems are studied in unbounded domains, a series



of cut-off functions and auxiliary functions are introduced to prove various
estimates of u*, v* that are useful in studying the ¥ — oo limit. Here, we
consider ¢(u*), ¢(v*) rather than u*, v* and in order to deal with the non-
linear diffusion, alternative methods and additional procedures are needed.
Note that we know of no explicit self-similar solutions for the k& — oo limit
problems with nonlinear diffusion that are obtained here. In previous stud-
ies [2, 7], they treated the single equation where the solutions were always
non-negative. In this thesis, we have sign-changing solutions since the free
boundary separates regions where the solutions are positive and where the
solutions are negative. Here, our self-similar solutions satisfy a certain equa-
tion when they are positive, and a different equation where they are negative.
We exploit ideas from [2, 7] and investigate our self-similar limit problems
that involve these two equations.

The rest of the thesis is organised as follows. In Chapter 2, we study the
half-line problem (1.4), starting with the uniqueness of weak solutions for
(1.4). Under the assumptions on ¢ in (1.2), the equations for u,v need not
be uniformly parabolic when € > 0, so the existence of weak solution for (1.4)
are proved in Theorem 2.9 by an iterative method. Section 2.3 is concerned
with passing to the limit as k — oo of the weak solutions (u*, v*), via some a
priori estimates and a key bound on ku*v* in L'(Sr), independent of k and
e > 0 which is proved in Theorem 2.31. The k — oo limit (u*,v¥) of (1.4)
is characterised as a self-similar solution of the problem first in Theorem 3.3
when € > 0, and then in Theorem 3.11 when ¢ = 0, the existence of self-
similar solutions is proved later in Section 3.3 and 3.4. Chapter 3 focuses on
properties of the parameters a in the studying of the self-similar solution f,
the position of free boundary which separates the region where the solution

is positive and where it is negative, and —v, the negative gradient of ¢(f)



at 1 = a, and prove some preliminary results that are useful in deducing
existence of self-similar solutions. We split the self-similar solutions into two
parts depending on whether n < a or n > a, and study the properties of
b(a,v),d(a,7), defined respectively as the value of f when n = 0 and as the
limit of f when 1 — 00, of the self-similar solution f(n). Then the existence
of self-similar solutions when € > 0 is proved in Section 3.3 by using a two-
parameter shooting method, shooting from n = a with v, the derivatives of
—o(f) at a, to Uy and —Vj. When € = 0, the existence of self-similar solutions
is proved in Section 3.4 by using a one-parameter shooting method. Chapter
4 contains the whole-line counterparts of the study of the half-line problem
in Chapters 2-3. In Chapter 5, we consider a specific family of ¢/(f) = f™!
where m > 2 is a constant, and investigate how the free boundary position a
is affected by m. Note that with fixed Uy, 1}, there exists a unique self-similar
solution which determines a and . At the end of Chapter 5, we prove some
further results under the additional conditions that Uy, Vy < 1 and m > 2.
In particular, if € = 0, we find that if m; > mg, then a,,, < a,,, which is
proved in Theorem 5.6. This result indicates that when m getting smaller,
one substance penetrates into the other faster. If ¢ > 0, the relationship
between a and m depends on different cases that v,,, > Ym, OF Vimy < VYime
when a,,, < a,,,. Note that it is not clear whether or not the results in
Section 5.1.1 can be extended to Uy, Vy > 1.

There has been a lot of activity on related research problems in recent
years, some of which has been useful for this research. We briefly discuss two
papers concerned with fast-reaction limits for systems modelling competing
species. In [16], Hilhorst, Martin and Mimura considered a competition-
diffusion system for two competing species in multi-dimensional bounded

spatial domains and studied the behaviour of the free boundary that arises



in the fast reaction limit. They provided a strong formulation of the fast re-
action limit problem under some regularity assumption on the free boundary
and derived conditions that are satisfied on the free boundary. We will ex-
ploit the idea to obtain the free boundary conditions of the limit problems in
Theorem 3.1. Similar problems but with inhomogeneous Dirichlet boundary
conditions are investigated in [9], where Crooks, Dancer, Hilhorst, Mimura
and Ninomiya studied the £ — oo limit problem and gave numerical com-
putations of some two-dimensional patterns of the reaction-diffusion system
and of the limiting free boundary problem. The method in [9] for estimating
differences in space translates on bounded spatial domains is used in Lemma
2.12.

In studying self-similar solutions, various previous works could potentially
be helpful in extending this research further. We mention two papers, [5]
and [24], both of which study the self-similar solution u(z,t) = f(z/v/t) of
u; = (Jul™'u,), where m > 0, by looking at a transformed problem. In

[5], Bouillet and Gomes related the self-similar solution satisfying equation

—inf'(n) = [f™*(n)f'(n)]', and a singular elliptic equation
_yy// — 2fm717 (17)

where y = fof n(s)ds. Duijn, Gomes and Zhang Hongfei studied the solution
of transformed problem (1.7), where the flux A = 1y(0) considered in [24]
for single equation plays the similar role as 7 from earlier in (1.5) and the
numerical results given in [24] suggest A is decreasing in m, which can be
seen in Theorem 5.6 when ¢ = 0. When ¢ > 0, it is not clear how to prove
this rigorously, but it gives valuable intuition in studying relationship of a,
~v and m.

One interesting potential extension of this work is investigating conver-

gence of self-similar solutions when there are two different ¢ for the two com-
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ponents, for example, one with nonlinear diffusion term ¢(u),, and another
one with linear diffusion term v,,. From [10], we can give the self-similar
solution when 1 > a, namely

W2

o 52
f(n)=-Vy — Ae_4/ e 7ds,
n

where A = li{n f'(n) satisfies the free boundary condition
n\a

lim f(n) = lign o' (f(m) [ (n).

Another interesting investigation would be self-similar limit problems with
nonlinear diffusion studied in multi-dimensional spatial domains. The self-
similar solution f(n) in multi-dimensions may take the same form as the
one-dimensional problems in this thesis, where n = 7=, and f (n) > 0 satisfies

the equations

AGf) + 57V =0,

see [25, p.406]. Again, it is important to study the set of n on which f(n) =0
in multi-dimension, since it separates the region where f > 0 from where
f < 0. Furthermore, in the study of self-similar limit problems in one-
dimension, it would be interesting to derive sufficient conditions that ensure
a > 0ora< 0, since the sign of a determines which substance penetrates
into the other. The extension of this to higher dimensions would be to derive

sufficient conditions for the set {n : f(n) = 0} to have a particular form.
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Chapter 2

The half-line case: Problem

(1.4)

In this chapter, we prove the existence and uniqueness of weak solutions of
Problem (1.4) when ¢ > 0 in Section 2.1 by first studying an approximate
problem on the bounded spatial domain (0, R) and then studying the limit
when R — oo. In Section 2.2, we prove some a priori bounds that will be
used to prove the existence and uniqueness of weak solutions when € = 0 and
to study the & — oo limit problems both when € > 0 and € = 0 in Section

2.3. Our strategy takes advantage of some ideas from [10] and [18].
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2.1 Existence and uniqueness of weak solu-
tions for ¢ > 0

Let € > 0. We consider first an approximate problem to (1.4). Given R > 1,
consider the problem

/

up = O(U) gz — kuv, in (0,R) x (0,7),
U = EP(V)ga — kuv, in (0, R) x (0,7),
u(0,t) = Uy, ¢(v).(0,) =0, for te (0,T), (2.1)
O()(R,t) =0, 6()a(R,t) =0,  for t€(0,7T),
\ u(z,0) =upr, v(x,0)=uvr, for z € (0,R),

where ug g, v0.r € C*(R") are such that 0 < ugp < Up, 0 < vy p < Vp and
o, = uf B, vo,r = —(Vo — vf) 8% + VA, (2.2)

where the family of cut-off functions g% € C*°(R*) with R > 1 are defined

as

BR _ 1 r< R-—1,
B(r+2—R) x>R-1.
with ! € C> (R") is a non-negative cut-off function such that 0 < g'(z) <1
for all z € R™, f'(z) = 1 when # < 1 and 8'(z) = 0 when z > 2.
Since ¢'(s) may vanish at s = 0, the equations for v and v as ¢ > 0 in
problem (2.1) need not be uniformly parabolic and it is possible that there
is no classical solution. Thus we are led to introduce a notion of a weak

solution.

Now define

Qp:={aeW"?0,R)|a=0at z=0}, (2.3)
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and let & € C*(R") be a smooth function that & = Uy when z = 0 and

o =0 when z > 1.

Definition 2.1. A pair (ug,vg) € L™ ((0, R) x (0,T))x L* ((0,R) x (0,T))
is called a weak solution of (2.1) if

(1) ¢(UR) € gb(ﬁ’) + L2(07 T; QR): (b(UR) € L2(07 T; W172(07 R)),

(i) (ug,vgr) satisfies

/O RuO,R£(x,0)dx+ / ' / " ungdadt
/ / (up)opdadt + k / / Eupupdadt,
/ vo,rE(x, 0)dz + / / vpgdadt
/ / ed(vp),E,dadt + k / / Eupupdadt,

where ¢ € FR:={¢£ e C ([0, R] x [0,T))| £(0,t) =&(-,T) =0 for t € (0,T)}.

We use the following comparison theorem for (2.1) to prove the uniqueness

of the weak solution of (2.1).
Lemma 2.2. Suppose that ¢ > 0 and (g, T5), (ug, vg) be such that
(a) g, ur € L((0, R) x (0,7)]);
(b) ¢(@r) € ¢(ur(0,-)) + L*(0,T;Qr), ¢(ur) € d(ur(0,-)) + L*(0,T; Qr);
(¢) R, ur,, $(UR)ws, $(Ur)ee € L'((0, R) x (0,7));
(d) vr,vr € L2((0, R) x (0,T));

(e) Ife >0, ¢(vr), ¢(vr) € L*(0,T;WH*(0, R)), Uy, VR, $(VR)aas @(VR)er €
LY((0, R) x (0,T));
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(Wr,UR), (ur,vr) satisfy

Ury > G(UR)ze — KURUR, Ur, < O(UR)sw — KURVR, in (0, R) x (0,7,
Trt < €O(VR)aw — KURUR, VR, > €0(VR)2w — KURVR, in (0, R) x (0,7,
ur(0,-) = ur(0,),  ¢(VR):(0,-) < ¢(vr):(0,-), on (0,T),
¢(WR)2(R, ") 2 ¢(ur)e(R, "),  O(VR)a(R,") < d(vr)z(R,-), on (0,T),
ur(,0) 2 ug(-,0), Vr(0,-) < vgr(0,), on (0, R).

Then,

Proof. Now take a smooth non-decreasing convex function m* : R — R
with

1
m+ = 0’ m+(0) - O’ (m+)/(0> = 07 m+(7") =0 for r < 07 m+<T) =Tr—= 57

for r > 1. For o« > 0, we define the functions

ml(r) :=am® <£> :

which approximate the positive part of r as a — 0 and (m})'(r) — sgn™(r)

as o = 0. Let w = ¢(ur) — ¢(ur) and z = ¢(Vg) — ¢(vg), we have
(ur — UR)t < Wer — k(URVR — URVR), (2.4)
(Vg — vR)t < €240 — k(TURVR — URVR). (2.5)
Then multiplying (2.4) by (m}) (w) and (2.5) by (m2) (2) gives
(m3) () TR < (M) (w)wee = k (M) ()(uave — TrTR),
(mz)/ (Z)(ﬁ - U_R)t <e€ (m:)/ (Z)Zm; —k (m;’;)/ (Z)(m - M);
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and adding these inequalities gives the following

()’ (w)(ug = Tg): + (m)' (2) (75 — ve)
< () (s + & (m3)' ()20 — k| (md) (w) = ()" ()| (unvg — Tavm).
(2.6)

Now integrating over (0, R) x (0,%y), where ¢, € (0,77, gives

to R
/ / m;r / ) (W) wyy + € (m:;)/ (z )zm} dadt
/ / w)|wy|* + € (m Jr) (z)|zx|2] dzdt <0,
since (m})" (w), (m})" (2) > 0 because m} is convex. So (2.6) yields

/ / )(ur = ug): + (m)' (2) (R — va).dedt
- k/o /0 [(md)" (@) = (m)' (2)] (unvn — wRoR)dedt.

With the nonlinear function ¢, we need to deal with (m7)'(w) and (m_})'(s)
to simplify the left hand side.

Denote s* := max {s,0} and

-1 r <0,
sgn(z) =< 0 x =
1 x> 0.

Now letting o — 0 gives

lim (m})" (w) = lim (m})" (¢(ur) — ¢(TR)) — sgn* (p(ur) — ¢(TR)).

a—0 a—0 -
Note that sgn™ [¢(ur) — ¢(ur)] = sgn’(ug — Ug), since ¢ is increasing.

By [14, Lemma 7.6], which says that

(u) " = (2.7)



we obtain

/ ' / ' [sgn* (ur — Wr)(ur — Wg): +sgn’* (Vg — vr)(Tr — vr):] dodt

= [ [ tan =), + (07 - o)) o
= / [(ur —ur)" + (Vg — vr)"] (,to)dz — /0 ' [(ur —ur)" + (Vg — vr)"] (z,0)dz

/ / (sgnuw)* — (sgnz)*] (ugvn — TRER)dadt,
and the expression
[(sgnw)™ — (sgnz)*] (urvr — WRVR) > 0.
Thus
/R [(ur —TR)" + (Vg — vr) "] (2, t0)dz
/ / (sgmw)” — (sgn)*] (ugvg — WROR)dadt < 0. (2.8)

Hence

[(ur — TR)" + (@7 — vr)*] (- to)dz =0 on (0, R).

The following corollary is immediately from Lemma 2.2.

Corollary 2.3. Let € > 0. For given initial data uo g, vo r, there is at most

one solution (ug,vg) of (2.1).

If we take (ug,vr) = (0,0) and (g, Ug) = (ur,vr), then take (ug,vr) =

(ug,vgr) and (ug,vg) = (Up, Vo) in Lemma 2.2, we can get the following.
Corollary 2.4. Let (ug,vg) be a weak solution of (2.1). Then we have

0 <ug(z,t) <Uy and 0<wg(z,t) <V, (2.9)
for (z,t) € (0,R) x (0,T).
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We will prove the existence of a weak solution of the appropriate problem
(2.1) using an iterative method inspired by [18]. As the first step in the

iteration we consider the problem

('), = ¢ (uk')  —kuWe. (,t) € (0. 1) x (0,1),
uV(0,8) = Uy, & (@;’)m (Rit)=0, for te(0,T),
ug)(a:,O) = uo,r(x), for =€ (0,R).

(2.10)

We will prove the existence and uniqueness of a weak solution u%) in the

following and then substitute ug) in the problem

(v?) = agb(vg))m - kug)vg), (z,t) € (0,R) x (0,7,
t
o () OH=0(ul)) (RO=0 for te(T),
vg)(x,O) = vo.r(x), for € (0,R),
(2.11)

and obtain a unique weak solution Ug). Our strategy is to replace V4 in

Problem (2.10) by vg) and again we will have a weak solution ug), and so
on. In this way, we will obtain sequences {ugn) } and {vg%m)}. Finally letting
m tend to infinity, we will obtain a solution of Problem (2.1) in the limit.

In order to be able to carry out this procedure, we first introduce a notion

of weak solutions for problems of the following type:

URt = ¢(UR)$$ - kuRpa ((L’, t) € (O’ R) X (07 T)a
ur(0,t) = Uy, ¢(ur)a(R,t) =0, for te(0,T), (2.12)
ug(z,0) = ug p(z), for x € (0,R),
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and

VRt = 5¢(”R>xz - kvRQ> ('rv t) S (07 R) X (07 T>7
QS(UR)JC(O’ t) = ¢(UR)x(Ra t) = 07 for te (07 T)’ (2'13)
vr(z,0) = v (), for =€ (0,R),

where 0 < p < Vj and 0 < ¢ < Uy almost everywhere in (0, R) x (0,7).

Definition 2.5. (I). A function ug € L*((0,R) x (0,T")) is called a weak
solution of problem (2.12) if

(i) ¢(ur) € (@) 4+ L*(0,T;Qr);

(ii) ug satisfies

/RuORﬁx de+/ / ur&dadt
/ / o(ur) dedt%—k/ / Suppdaxdt,

where £ € FE.

(11). A function vg € L*((0,R) x (0,T)) is called a weak solution of problem
(2.13) if

(1) ¢(vr) € L*(0,T; WH(0, R));

(i) vg satisfies

R T /R
/ vo,Rﬁ(x,O)dx—i-/ / vr&dadt
0 o Jo
T /R T R
:/ / &?(ﬁ(vR)wﬁrdxdt—l—k/ / Svpqdadt
o Jo o Jo

where £ € FE.
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Next we will quote the following lemma which is proved in the Appendix in

[18]. We will use it to prove the existence of weak solutions of (2.12) and

(2.13).

Lemma 2.6. Let {ug)} C L*>*((0,R) x (0,T)) and {¢,} C C(R) be se-

quences with properties

ul) = up i L2((0, R) x (0,T)),
¢, is nondecreasing,
¢n — ¢ uniformly on compact subset of R,

Gn(ul)) — x in L*((0, R) x (0,T)),

then x = ¢(ug).
Now we can prove the following lemma.

Lemma 2.7. Let p,q € L>((0,R) x (0,T)) be such that 0 < p < Vp, 0 <
q < Uy. Then problems (2.12) and (2.13) have unique weak solutions ur and

vgr respectively with the following properties

OSURSUD, OSURS% m(O,R)x(O,T)

Proof. First we construct the solutions {ug)}, {vg)} of sequences of

uniformly parabolic problems in which ¢ in (2.12) and (2.13) have been
replaced by smooth functions ¢,, where ¢, (Uy) = ¢(Up) and gb;l(ug)) > 1
Under these assumption on ¢,, the equations are parabolic non-degenerate
and we may apply standard quasilinear theory to obtain the existence and

uniqueness of classical solutions.
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We know that for 0 < ug) < Uy, 0 < vg”) < Vpy by the usual parabol-
ic comparison principle. Multiplying the equation for ug) by ¢n(u§§)) and
integrating over (0, R) x (0,to), where ¢y € (0,7, give

/ / én (u @g”) dadt
On uR uR dedt + k o (ul) P pdzat,
= [ () o) [ [ ()

gives

s

¢>n "’

l’

dedt /R (tg) — @ <ug)> (0)] dz

Tk / / o (u g”pdxdt,
then we have

/Oto /OR f [(I) (ug”)) (to) — @ (u?) (0)] d

since uR € L>((0,R) x (0,T)), where ®'(s) = ¢(s).

n (ug;w)xf dzdt <

To prove the L? bound of ¢, (u?) , we multiply the equation for ugl)
t

by ¢, <u§g)>t and integrate over (0, R) x (0,¢y), then

to R to R
W) (uly) _ () 60 (uy
/0v /[; (bn (uR )t (uR )t dl’dt _/ / ¢n uR ¢n (uR )xm dl’dt
—’f/ / o uR u ) pdzdt.
Denoting N = ¢'(Uy), we get
2
N / / on (uff ‘ dadt + - / . (ugg>) (to)]
5 - Y , ®
§2 / P ( dx / / On (up UR pdadt,

because ¢’ is increasing, so ¢'(s) < N for s € [0, Up).

21
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We now estimate the last term by the Cauchy-Schwarz Inequality, which

I |
<3 [ oo () @ arwe [[7 [ (o (o) ) anat]

where C' is a positive constant since 0 < ug) <Upand 0 <p<V.

yields

b (ug;p)tf dedt

This implies that
to rR
I

e R - 9 to R o )2 3

<Ci [ on (), O s nca | [7 [ (00 (), ) ast] 219

where C; and (s are positive constants. With

e[ )]

we can write (2.15) as

R
Xzﬁcl/
0

from which we conclude that

[ o (),

where (3 is a positive constant, since ¢, <ug)>x (0) € L((0, R)).

Then we know that ¢, (u?) is bounded in L>((0, R)x(0,7)), ¢, (ugb)) )
is bounded in L2((0, R) x (0,T)) and o, <u§;j))t is bounded in L2((0, R) x
(0,7)). By [13, p.170], which says that W1(Q) C BV (Q), we therefore have
On (ugg)) is bounded in BV ((0, R) x (0,7")) and there exists a subsequence
{ug”)} and a function x; € BV((0, R) x (0,7")) such that

én (ugy)tf dzdt (2.14)

n (uﬁlf)) (0) ‘2 dz + kCy X,

2
dxdt < Cg,

Pn, <u§,§j)) —x1 in LY((0, R) x (0,7)) as j — oo.
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As e > 0, it follows similarly for v that there exists a subsequence {vglj )}
and a function yo € BV ((0, R) x (0,7T)) such that

Pn, (vgj)> — x2 in LY((0, R) x (0,T)) as j — oc.
We may choose these sequences such that
ug”) — ug, vgj) — g in L*((0, R) x (0,7)),

and sequence {¢,} such that ¢, — ¢ uniformly. By Lemma 2.6 we have
x1 = ¢(ur), x2 = ¢(vg). We know that ¢, (ugg)) — ¢(Up) is bounded in
L2(0,T;Q) and ¢, (vg”) is bounded in L(0,T; W"2(0, R)), so there are

subsequences, again denote by {ug” )} and {vglj )} such that

On, (u”)) = 0(Un) = dlur) — 6(Un) in L0, T; ),

bn, (vg”)) ~p(vp) in L2((0, R) x (0,T)).

By a standard limiting argument we can show that ug is a weak solution of
Problem (2.12) and vg is a weak solution of Problem (2.13).

The uniqueness is shown in a way similar to the proof of Lemma 2.2. [

We now return to problems (2.10) and (2.11). From Lemma 2.7 we im-
mediately deduce that u%) and vg) are weak solutions of (2.10) and (2.11).
We then define the sequences {ugn)} and {vgn)} inductively as following,

let ugn) be the weak solution of the problem

ulm = ¢ (ugn)>m A (z,t) € (0, R) x (0,T),
WM(0,8) = Uy, ¢ (ugg”) (R,t) =0, for te(0,T),
W™ (2,0) = ug p(z), for =€ (0,R),

(2.16)
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let v e ) be the weak solution of the problem

Vi) = ep(v) e — kuly0l”,
o (W) 0.0 =0(vi") (B =0.
U}(%m) (x,0) = UO’R(CL’),

Then ug%m) and vg") satisfy

() ¢ (uf”) € 6(@) + L2(0,T; Qn), and

/RuORga; de+/ / ulT e dadt
/ / fxd:tdt—l—k / / el Nazde,  (2.18)

where ¢ € FE.

(i) ¢ (ug’”) e L2(0,T; W'2(0, R)), and

/OUOwa()dI—i-//

/ / o (v fxd:cdtJrk / / cul™ol™ dzat,

where £ € FE.

m
, U~ on m.

In the following, we prove the monotone dependence of ugn

Lemma 2.8. The problem (2.16) and (2.17) have unique solutions with the

following properties

(i) ugn) and vg") are weak solutions of problems (2.16) and (2.17);

(i) 0 <ul <ul"V <y, 0 <ol <ol <1
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Proof. The proof proceeds by induction. We first note that ug) and ug)

satisfy the equations
ugt) =0 (u?) — kug)vo,
2 2) (1
Up = @ (u?)m — ku%)v%),

almost everywhere in (0, R) x (0,7).
Since ug{l), ug) satisfy identical initial and boundary conditions, ug) is a

subsolution for (2.16) with m = 2, since vg) < Vp, which implies ug) > ug).

Now consider vg) and Ug)

Ugt) =c¢ (vﬁ?) — kug)vg),

rx

Ugt) =c¢ (vg)) — kug)vg).

rxr

Since vg), vg) satisfy identical initial and boundary conditions, vg) is a sub-

solution for (2.17) as m = 2, which implies vg) > vg). The proof of monotone

dependence of ugn) and vl(,{m) of m for large values of m is similar. OJ

We can now establish the existence of a weak solution of Problem (2.1) when

€ is strictly positive.

Theorem 2.9. There exists a unique weak solution (ug,vr) of Problem (2.1)

such that
0<up<Uy and 0<wvp<V.

Proof. Lemma 2.8 implies that the functions ug?) and v}(%m) tend (pointwise)

to functions ug,vg as m tends to infinity. By the proof of Lemma 2.7 we

conclude there are subsequences {u%ﬂj )} and {vg%mj )} such that
& (ui)) = 6(U0) = olur) — 6(Us) weakly in L2(0, T; )
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o (v;mj)> — ¢(vg) weakly in L*(0,T; W'%(0, R)).

Then, by the Dominated Convergence Theorem and passing to the limits as

(2.18) leads to
R
/ ug,rE(z,0) dx+/ / ur&dadt

//¢UR fxdxdtnLk:/ / Eugupdzdt,

where £ € FE. We can readily show up is a weak solution of (2.12) with
p = vg. From DiBenedetto [11, Theorem 7.1], we conclude that up €
C([0, R] x [0,T]). Similarly, we know that vg is a weak solution of prob-
lem (2.13) with ¢ = ur and we can conclude also that vz € C([0, R] x [0,T]).
It follows from Lemma 2.2 that (ug,vg) is the unique weak solution of prob-

lem (2.1). O

Next, we will prove the existence of weak solution of (1.4) with € > 0 by
looking at (ug,vg) in the limit R — oo. First, we prove some preliminary
estimates. In the following, C'(L) denotes some L-dependent constant which

varies according to context.

Lemma 2.10. Suppose € > 0 and L > 0. Then there exists a constant C(L)
independent of k such that if R > L+ 1, then

T L4l
k;/ / urvrdzdt < C(L). (2.20)
o Jo

Proof. Introducing a cut-off function o' € C*(R™) such that 0 < ¢'(z) <1
for all z € RT, »'(0) = ¢L(0) =0,



Then given L > 2, define the family of cut-off functions p € C*(RT) by
' (z) z € (0,1,
ph) =41 v €1, L), (2.21)
o'(x+2-L) x>L.

Note that 0 < ¢¥ < 1 for all L, and ¢f, ¢k are bounded in L*®(R")
independently of L.

Multiplying the equation for ug by ¢ and integrating over (0, R) x (0, T)
gives that

L+1 L+1 L+1
/ / uRngpdedt / / d(ug gomdxdt—k/ gpLuoﬁRdx

L+1
- / olup(z, T)dx.
0

The fact that 0 < ugr < Uy, together with the Lebesgue’s Monotone Conver-
gence Theorem, yield (2.20). O

Lemma 2.11. Suppose € > 0. Then for each L > 1, ¢(ug),d(vr) are
bounded in L*(0,T; W%(0, L)) independently of k and R.

Proof. Now we introduce a cut-off function ¢! € C> (R") such that 0 <

Yt <1 forx € RT

Then given L > 1, define the family of cut-off functions ¥* € C°°(R*") by

1 <L
Yt = ’
VY (r+1-L) x>0L.
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Clearly %, L and £ are bounded in L>(R™") independently of L. Suppose
that R > L+ 1. Then multiplying the equation for up by [¢(ur) — ¢(Up)]v*
and integrating over (0, R) x (0,7 give

/OT /OLH [¢(ur) — ¢(Uo)] " updzdt

T prL+1 1 T ALil ,
= 2L 1 B ;
/0 /0 |9(ur).| Y dzdt + 2/0 /0 [(ur) — ¢(Uo)] i, dadt

T L+1
- k/o /0 [¢(ur) — &(Us) | upvpdadt,

Now let F' = / ¢(s)ds, we have

/ / " [o(un) — 6(U)] ¥ urdadt — /OLH P T) - P, 0)] o ds
+ Zf+1¢(Ud(uqR——ungjw)dex.
Thus
l/ / |t ddt = ADH¢@®0mR—uﬂ%Tﬂw%u
—AHWH%ﬂ—mewwx
ey [ bt — o) ek
k[ [ lotun) — o]z,

By (2.9) and the fact that ¢ is increasing with respect to ug, we know that

there exists some C such that

:/wagmgc,
0

We know ¢(ug) — ¢(Up) € L=((0, R) x (0,7)), then Lemma 2.10 yields

/ / o(ur).|*dzdt < C, (2.22)

28



independently of £ and R. If € > 0, the estimate for ¢(vg), can be proved

likewise, using the equation for vg. O

In order to prove that the sets {ur}r>0, {vr}r>0 are each relatively com-

2
loc

pact in L (R* x (0,T)), we now prove estimates of space and time translates

of ug, vg.
It is convenient to introduce a shorthand notation for space and time

translates. Given a function h, let
Ssh(z,t) == h(x +6,t), T h(z,t):=h(z,t+71), (2.23)
for all (x,t) in a suitable space-time domain and appropriate ¢ and 7.

Lemma 2.12. Suppose ¢ > 0. Then for each L > 0 and r € (0,1), there
exists a constant C(L), independent of k and &, such that

T L+1
/ / 16(Ssur) — d(up)Pdadt < O(L)[6],
0 r

T L+1
/ / 6(Ssur) — Bug)|Pdadt < C(L)[6],
0 r
for allo € R, 6] <.

Proof. As a result of the gradient bounds in Lemma 2.11, this can be proved

by adapting the proof of Lemma 2.6 in [9]. Indeed
T L+l
| [ 1etun)e+8.0 — oun) (e, t)Pdadt
0 r
T L+l pl 2
:/ / / O(uR)e(z + 00,t) - 6d0| dxdt
0 r 0
1 T L+l
g|5\2/ / / |(ur)q(z + 65,1)|° dzdtdd
0 0 T

T L+2
<[P / / 16 (ur)a(a, ) dadt

<C|5%

29



An analogous estimate for vi can be obtained using similar arguments. [J

Lemma 2.13. Suppose € > 0. Then for each L > 0, there exists a constant
C(L) independent of k and 7 € (0,T) such that

/ - / O(Trun) = d(up)[*dzdt < 7C(L),
/ - / $(Trvr) — d(vg)"dedt < 7C(L),

Proof. The proof takes the advantage of [10, Lemma 2.16], see also [9,
Lemma 3|. Since we have nonlinear diffusion terms, we also need to deal
with the nonlinearity ¢. Let ¥* be as in the proof of Lemma 2.11. Then it

follows using the Mean Value Theorem that
T—7 L+l
/ VH 0(Trur) — H{u)|? duds
0T T 0L+1
— [ [ 0T = o] ¢ 0) Ty = unl dac

T—71 L+1
<N / O 16(Toun) — 6(ur)| [ Toun — ug| dzdt,
0 0

where p € [0,Up] and N = ¢'(Up) such that ¢'(s) < N for all s € [0, U],

since ¢’ is increasing. Then we have
T—r pL+1
[ o 10T - o) asa
0 0
T—r pL41 -
SN/ / VY | ¢(Trur) — ¢(ug)| [/ (ur)s(x,t + s)ds| dedt
OT TET L+1 ‘
:N/ / V¢ (Trug) — d(ugr)| d(ur)ee(z, t + s)dadtds
o Jo 0

T T—1 L+1
—Nk/ / Y |d(Trug) — ¢(ur)| up(e,t + s)vg(z,t + s)dzdtds
o Jo 0
:-[1 + 12 + 137
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with
T T—1 L+1
n=-v[ | U 6(Tyur) — (un)l, d(ur)e(w, t + s)dadtds,
0 0 0
r pT—1 pL+1
n=-N[ [ UL 6(Trur) — 6(un)| G(un)a(e, ¢ + 5)dadtds,
0 0 0

T T—1 L+1
I3 = —Nk/ / P |$(Trur) — d(ur)| ug(z, t + s)vg(e,t + s)dzdtds.
0 0 0

I; can be split into two terms and by using Cauchy-Schwarz inequality and

using the property ¢ <1 yield
T T—1 L+1
|| = ‘—N/ / VY O(Trug) e d(ug) . (2, t + s)dadtds
o Jo 0
T T—1 L+1
+N / / VEG(uR)ed(ug)e(z,t + s)drdtds
o Jo 0

T L+ 3
SZTN{/O /0 |p(ug(x,t)),| da:dt} :

which is bounded by Lemma 2.11.

By (2.9) and the Cauchy-Schwarz inequality, there exist C' independent
of k such that

T T—1 L+1
| 12| :SUPWﬂNC/ / / |p(ur).(x,t + s)| dedtds
o Jo L

T—1 L+1 %
<swpleiNer { [ [ iotunato 4 P dsar s
0 L

which is bounded by (2.22) and the fact that sup [¢£] is bounded independent
of L.
The last term is easier to handle, by (2.9) we get

T pL+1
I3 <2MTN kugvrdzdt,
|

o Jo

which is bounded by Lemma 2.10. An analogous estimate for vg can be

obtained by using similar arguments. O
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We can now establish the existence of a weak solution of the original

problem (1.4) of Sy when € > 0. Now with
Qy:={aeW"((0,J)) a=0at z =0},
and define
Fri={£e€C'(Sr): £0,t) =¢&(-,T)=0for t € (0,T) and supp& C [0, J] x [0,T]
for some J > 0}.

Theorem 2.14. Let ¢ > 0. Given k > 0, there exists a weak solution
(uk,v*) € (L>=(S7))? of (1.4) such that for each J > 0,

(i) o(u*) € d(i) + L*(0,T5Q,),  ¢(vF) € L0, T; WH2((0, J)))

(i) (u*,v*) satisfies

/ ubé(x,0)dx + / / ufédadt = / o(u") &pdadt + k / EuFvFdadt,
R+ ST ST ST
/ v (x,0)dx + / / P& dadt = / / e (V¥ Epdadt + k / EuFvFdadt,
R+ ST ST ST

where £ € Frp.

Proof. Let ug g, vo g be as in the formulation of problem (2.2) and note that
as R — o0, ug.r — uf, vor — vy in CL (RT). Then given R, — oo, it follows
from the Fréchet-Kolmogorov Theorem (see, for example, [3, Corollary 4.27))
and (2.9), Lemma 2.12 and 2.13, that there exist subsequences {R,, } and

functions u* € L>(Sy) and v* € L*°(Sr) such that
U, — uF, UR,, — v" strongly in L2 _(S7) and a.e. in Sy

as j — 0o. Now we know that ng(uan) — ¢(Uy) is bounded in L?(0,T;Q;)
and ¢(vg, ) is bounded in L*(0,T; W*'?(0, J)) by Lemma 2.11, then we have
as j — o0

$ur,,) — ¢(Uo) = ¢(u*) — d(Up) in L*(0,T3y),
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$vr,,) — ¢(u*) in L*(0, T; WH((0, 7))

By the Dominated Convergence Theorem we can then easily pass to the limit

in the weak form of (1.4). O

We use the following comparison principle theorem for (1.4) to show the
uniqueness of the weak solution of (1.4). Note that this result covers both

the case ¢ > 0 and the case € = 0.
Lemma 2.15. Let € > 0 and (u,v), (u,v) be such that
(a) w,u € L*(Sr);
(b) ¢(@) € o(u(0,)) + L*(0,T;2s), ¢(w) € (w(0,-)) + L*(0,T;%y);
() Tty ty, (W), $(W)aw € L' (Sr);
(d) v,v € L*>(S7), vy, v, € LY(Sr);

(e) If e >0, ¢(v), p(v) € L*(0, T; WH2((0, 7)), ¢(0)aw, d(V) e € L*(ST);

ﬂt Z gb(ﬂ)xz - k’m, Uy S gb(@)xw - kM, m STa

6t S 5¢(6)1’z - kma Uy Z €¢(y)$x - kw» m ST:

E(O, ) > @<07 ')7 €¢(@>$(07 ) = €¢<y)$(07 ) = 07 on (07 T>7

ﬂ(,O) > Q<'70)> 5(0,') SQ(Q')? on RT.
Then

S
v
IS

, v<w in St.
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Proof. The proof are similar to the proof of Lemma 2.2. Now take function
m™ as in the proof of Lemma 2.2 and let w = ¢(u) —¢(u) and z = ¢(v) —o(v),

we have

(u— 1)y < Wy — k(uv — WD), (2.24)

(T — ) < e2pp — k(W0 — wv). (2.25)

Let 1" be as in the proof of Lemma 2.11. Multiplying (2.24) by (m2)" (w)y*
and (2.25) by (m2)" (2)¥* and then adding these inequalities yield

(m2) ("~ 1) + (m)' () (5 - )
< (m2) (W) wse + & (m3) ()t s — ki | (m2) (w) = (md)' (2)] (w2 — ),
(2.26)

integrating over R x (0, ty), where ¢y € (0,71, gives the following
o / /
[0 [ e 2 () (212 st
R+
to to
/ L [mf(w)] dzdt — 5/ WL mi(z)] daxdt
R+ N 0o Jrt ’

= [ [ ot )+ emi o) et

since (m%)" (w), (m})” (2) > 0 because m is convex. So (2.26) yields
[ ) @it =+ ) ()~ wynct
/ R+w ) +em(2)] dadt
K / [ ot [me) ) = (m2) ()] (7).
and letting o — 0 gives
lim (m})" (w) = lim (m})" (¢(u) — 6(@)) — sen* (6(u) — ¢(7).

a—0 a—0
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Clearly

sgn’ [p(u) — o(w)] = sgn™ (u — 1),

since ¢ is increasing. Denoting ut := max {u,0}. [14, Lemma 7.6] gives the

following

/ W' [(uw—1)* ) + ((v - Q)+)J dzdt

< /0 ! . Vl(wh +ezt)dedt
k[t s - n2)*] e — T
and the expression
[(sgnw)* — (sgnz)*] (uw — 70) > 0.
Thus
OF [(w—)" + (0 —v)*] (2, to)d
< Wﬂ@—uﬁ+@wﬂmﬂ@ﬂMx+AmRﬁﬁﬂw++wﬂ¢Mt
< k [ vt {lotw - o) +[o@) ~ o(w)] "} doctr (2.27)

which is bounded independently of L and ¢, by the definition of 1/* and in par-
ticular, L # 0 only if x € [L, L +1]. Now using Lebesgue’s Monotone Con-
vergence Theorem we deduce that [(u —u)" + (v —v)*] € L> (0, T; L'(R")),
thus (2.27) tends to 0 as L — oco. Hence

[(w—w)*" + @ —2v)*] (t)) =0 on R*.
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The following corollary is immediately from Lemma 2.2.

Corollary 2.16. Let € > 0. For given initial data uf, v, there is at most

one solution (u*,v*) of (1.4).

If we take (u,v) = (0,0) and (@, v) = (u*,v*), then take (u,v) = (u*,v*) and

(w,v) = (Uy, Vp) in Lemma 2.2, we can get the following.

Corollary 2.17. Let € > 0 and (u*,v*) be a weak solution of (1.4). Then

for given k > 0, we have

0 <uf(x,t) <Uy and 0<oF(z,t) <V, for (a,t) € St (2.28)

The existence of weak solutions of (1.4) when ¢ = 0 are proved in Theorem

2.26 in next Section.

2.2 A priort bounds, existence and unique-
ness of weak solutions for ¢ =0

In this section, we prove some a priori estimates for ¢ = 0 and for € > 0 that
will be used both in proving existence of a weak solution of (1.4) when e = 0
and in the next section, to study the limit of (1.4) as k — oc.

The next bound for ku*v* is key in the following. The proof is similar to
Lemma 2.10, but here the estimates are proved over S; which is unbounded.
The strategy to obtain the estimate is to consider the integral over (1, 00) x
(0,T) by studying the equation of u* and the integral over (0,1) x (0,7) by

studying the equation of v*.
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Lemma 2.18. There exists a constant C' > 0, independent of € > 0 and
k > 0, such that for any solution (u*,v*) of (1.4), we have

// kuFoFdzdt < C.
St

Proof. Multiplying the equation for u* by the cut-off function ¢* defined

in Lemma 2.10 and integrating over R™ x (0,ty) where ¢y € (0,7], we have

to
/ ol (x, to)da + kz/ / eluFoFdzdt
R+ 0 JR+
to
= / / ol o(uF)dzdt + / lubd,
0o Jr+ R+
it follows that there exists some C > 0 such that
L to L
/ ol (x, to)de + k:/ / eluFvkdadt < O, (2.29)
1 0o J1

independently of L, k > 0, by (2.28), the definition of ¢’ and the fact
uf € LY(RT). Letting L — oo and using Lebesgue’s Monotone Convergence

Theorem give

T o)
k/ / uFoFdede < C. (2.30)
o J1

Similarly, multiplying the equation for v* by ¢ where ¢ € C*(R") is such
that 0 < ¢(x) < 1, p(z) =1 for x € [0,1] and ¢(z) = 0 for all z > 2, then
integrating over R* x (0,tg) for tq € (0,7 yields

to to 2
k/ / QuFvFdrdt = 5/ / Prap(VF)dzdt — / O [vk(x,to) — vlg] dz,
0 JR+ 0 JRTF 0

together with (2.28), imply that

T 1
k:/ / uFvPdzdt < C, (2.31)
0 0
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independently of £ > 0 and of € > 0. Then the result follows from (2.29)
and (2.31). 0

In the following, we prove that u* and |[v*(z,ty) — V;| are bounded inde-

pendently of € in L'(R™).

Lemma 2.19. There exists a constant C' > 0, independent of € > 0 and
k >0, such that for any solution (u*,v*) of (1.4), we have

/ uk(a:,to)da: <(C and / |Uk(I,t0) — Voldx < C, (2.32)
R+ R+
for all to € [0, 7).

Proof. The estimate for u* is immediately from (2.29) and the Monotone
Convergence Theorem.

Now choose a smooth convex function m : R — R with
, 1
m >0, m(0) =0, m'(0) =0, m(r) =|r| — 3 for |r| > 1.
For each a > 0, define the functions

),

me(r) == am(g

which approximate the modulus function as @ — 0. Denote ¢ = v* — Vj,

£ =o(v*) — (Vo).

Now with % as in the proof of Lemma 2.11, we have

(W de = — [l (2 zde — / ! (23t 5, Pda
R+

Rt Rt
_ 5 Lgq
< /R+ [ma(Z)Lciﬁx T

= [ ma(2)vEdz.
R+
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Multiplying the equation of © by m/ ()¢’ and integrating over R x (0, ty),

we obtain
/ ml ()" o drdt = / ml (2)pr 2, dadt
R+
—k / ml () uFordzdt.
0o Jrt
Letting o — 0 and [14, Lemma 7.6] yields

/ 10, o) |t dx—/+ (i (z, 0) [z

to
<5/ / E=" d;z:dt—k:/ / sgn(2)ylurvrdadt. (2.33)
0o Jr+

We know that 2 # 0 only when ¥ € [L,L + 1] and by Lemma 2.18,
the right-hand side of (2.33) is bounded independently of L and k. So it
follows from the fact that v§ — v5° is bounded in L'(RT), there exists C' > 0
independent of k, such that for all ¢, € [0, 7]

/+ Wk (2, ) — Vildz < C
R

By using the Mean Value Theorem and a priori bounds on u*,v* on

Corollary 2.17, we can get the following corollary of Lemma 2.19.

Corollary 2.20. There exists a constant C' > 0, independent of € > 0 and
k >0, such that for any solution (u*,v*) of (1.4), we have

o) eto)dr <€ and [ [6R)to) — o) <€, (234

R+

for all to € [0, 7).

Next we prove a bound for the L?-norm of the space derivatives ¢(u*), and

A(0")a-
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Lemma 2.21. There exists C' > 0, independent of € > 0 and k > 0, such

that for any solution (u*,v*) of (1.4),

/ |p(u*),)?dedt < C, and ¢ / |p(vF),[Pdzdt < C. (2.35)
ST ST

Proof. The proof follows the similar arguments in Lemma 2.11. Let 9’
be as in the proof of Lemma 2.11. Then multiplying the equation for u* by
[¢(u¥) — ¢(Up)|¥" and integrating over Sy give

//S UO)}wLufdxdt /R+ [F(x,T) — F(x,O)}z/;de
o(Uo) (uf — uF(z, 7))y dz,

R+

uk
where F:/ o(s)ds
0
Thus

/ [P (") [*y"dadt = o(Uo) (uf — u*(x,T))p"dz
S -

— /R . [F(z,T) — F(z,0)]¢"dz

1//ST [(b(uk) - ¢(U0)]2¢fxdxdt
- //ST (Uo) ]9 urv*dadt.

Here the second term on the right-hand side is an integral over the unbounded
domain R*. By the Mean Value Theorem and (2.28), we obtain for s € [0, Up|
such that

F(x,T) — F(x,0) = ¢(s)uf(z,T),

which yields

< $(Uy) sup / (1),

0<t<T

/]R P T) = P, 0)jtds
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which is bounded by Lemma 2.19. Combining with Lemma 2.18, using
Lebesgue’s Monotone Convergence Theorem and letting L — oo imply that

there exists a constant C' > 0 such that

/ |p(u),|Pdzdt < C,
St

independently of k. If ¢ > 0, the estimate for ¢(v¥), can be proved likewise,

using the equation for v*. O

The following estimates for the differences of space and time translates
of solutions will yield sufficient compactness both to obtain the existence of
solutions of (1.4) when ¢ > 0 and € = 0, and to study the strong-interaction
limit £ — oo. The estimates for the differences of space translates of solutions
are proved in the similar way to Lemma 2.15 [10], which importantly allows
e = 0. Note that we need alternative procedures to deal with the nonlinear
diffusion, and the monotonicity properties of ¢ and Lemma 7.6 [14] are used
here.

Recall the notion for space and time translates introduced in (2.23).

Lemma 2.22. Suppose that € > 0 and let (u*,v*) be a solution of (1.4)
satisfying (2.28). Then for each r € (0,1), there exists a function K, > 0
independent of € > 0 and k > 0 such that K,(5) — 0 as 0] — 0 and for all
6| < % andt € (0,T), we have

/00 |6(uF) — ¢(S5uP)| + |o(v*) — B(Ssv")| dw < K,(6).

Proof. Let
wi=u" — S(;uk, w = ¢(Uk) - gb(S(;uk),

41



vi=v" — SsuF, 2= p(vF) — H(Ssv"), (2.36)
and define a cut-off function 7} € C*°(R™) such that 0 <~} <1 and
0 zel0,r/2],

n(r) =<1 zelrl],
0 z>2.
Then given L > 1 define a family of cut-off function v* € C°°(R")
(@) z € [0,7],
() =141 x € [r, L),
Y(z+1-L) x>L.

Note that 0 < 4% < 1 for all L, and (vF),, (7F).: are bounded in both
L>*(R*) and L'(R") independently of L. Then

Up = Wyy — k (ukvk — S(;ukS(;vk) , in (%, oo) x (0,7,
Vp = E2pp — k (ukvk — Sguk55vk) , in (2, oo) x (0,7,
u(z,0) = uf — Ssul,  v(x,0) = vk — Ssvk, for x € (%, oo) :

Let m,, be as defined in the proof of Lemma 2.19, multiplying the equation
for u by m/,(w)~* and integrating over (%,00) x (0, %) give

29
/ ml (w)yEudzdt
R+
to
/ m! (w)|w,[*vEdadt +/ me(w) (vF), dedt
R+ o Jrt
- k/ ml, (w)y (uFo* — SsuFSso*) dudt
+
to &
g/ ma(w) (), dadt
0o Jrt

to
— k:/ ml, (w)yr (uFo* — SsuFSso*) dadt,
R+
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letting & — 0 and by [14, Lemma 7.6], we have

/ lu(z, to) |y da </ lu(z,0) |7Ldm—|—/ / lwl (vF) L, dzdt

— k;/ /00 vEsgn(w) (uo* — Ssu®Ssv*) dedt, (2.37)

[l

similarly

/ lv(x, t0)|%dx</ lv(x,0) \%dx—i—s/ / 12| (vF) L dzdl

- k/ / vEsgn(z — Ssu*Ssv*) dadt. (2.38)

N

Adding (2.37) and (2.38) then gives

/ T (e to)] + o(z 1)} d

NI

s[ A (e, o>|+|v<x0|}dx+/ / o), ] +2l2]} dadt

— k/ / vE [sgn(w) + sgn(2)] (v o* — SsuFSsv) dadt

S[ 'yf{!u(xao)\ﬂv(x,o)\}dwr/Oofo (%) 4 L] + elz2]} dzdt,
(2.39)

because
[sgn(w) + sgn(z)] (u"v* — Ssu*Ss0*) > 0. (2.40)

Now we prove the following bound for right-hand side of (2.39),

t o)
/0/ (vf)m|w|da:dt
0 J3

:/0 0 [)O (1) 4 [D(u) (2, 8) = G(u") ( + 6, ¢)|dudt

Z/Oto/;(vf)m

1
/ S(uk) o (x + 05, ¢)d0dzdt
0
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<15|// vE) /y¢ 2( + 06, 1)| dodzdt
<|5|[// vE mdxdt] [// x+5t}dxdt2.

By Lemma 2.21 and a similar estimate for z, we get

to 0
/ / (V8)... {Jw] + ]2} dadt < K, |6], (2.41)
0 J3

for some constant K,. The result follows from (2.39), the fact that ||uf(- +
8) = uh(Moa ooy + 5 +8) = () larmoy < wr(0) where w, (1) — 0 as
i — 0 and Lebesgue’s Monotone Convergence Theorem combining with the

Mean Value Theorem. O

The estimates for the difference of time translates are proved by using
similar methods to those in the proof of Lemma 2.13, passing to the limit as

L — oo in integrals over (0, L + 1) to obtain estimates on integrals over R™.

Lemma 2.23. Suppose e > 0 and let (u*,v*) be a solution of (1.4) satisfying
(2.28). Then there exists C' > 0, independent of € and k, for any T € (0,T)

that
T—1
/ / (T — $(ub)Pdadt < 7C.,
0 R+

T—1
/ / 6(Too%) — (b [2dadt < 7C.
0 R+

Proof. Let 9" be as in the proof of Lemma 2.11. Then it follows using the
Mean Value Theorem such that
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[ [ v - oyrasas
0 T77R+
<N / WP [$(Trd®) — ¢(uh)] (T — u*) dadt,
0 R+

where N = ¢'(Uy), because ¢ is increasing, and ¢’ is bounded by N for
s € [0, Up], then we have

T—1
| ot - oy
T—1
<N / / 0" [0 (Tod) — $(u¥)] S, ¢ + 5)dadtds
Tor
— Nk / / V" [9(Tou?) — ¢(u")] Tou* Trv*dadtds
0 0 Rt
=0 + Iy + I3,
with
T T—1
o= =N [ [0 [ 0P [o(Tat) - 6], 6ot 4+ 5)dadeds,
oT OT—T R
I:= N / / O [O(Trt) = 6] o) (ot + s)dadeds,
0 7—0 T_TR
Iy .= —Nk / / VP [o(Trub) — ¢(u®)] Tou* Trv*dadids.
0 0 R+

I; can be split into two terms and by the Cauchy-Schwarz inequality, using

the property ¥ < 1 and letting L — oo yield

1| < QTN{/OT/R+ \qs(uk)xfdxdt}.

which is bounded by Lemma 2.21.
Then using the bounded for sup |¢£| independently of L, we have

T T—1 L+1
|12|g(sup\¢§\)w/o/o /L ST — B(u)| |o(u)al, ¢ + 5)] dudeds,
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which vanishes as L — oo, since (2.28), Lemma 2.19 and Lemma 2.21.

The last term is easier to handle, by (2.28) and letting L — oo we get

|Is| < 2MTN / / Fokdadt,
R+

which is bounded by Lemma 2.18. When & > 0, the estimate for v* follows
likewise, using the equation for v*. When e = 0, a similar but simpler argu-

ment applies, omitting the terms involving ¢(v¥),.. O

The following lemma will be used to prove the convergence results of

(uF,v*) as ¢ — 0 and k — oo and to study the weak solutions of k — oo

limit problems.

Lemma 2.24. Let (u*,v*) be weak solutions of (1.4) with k >0 and € > 0.
Then

o(u*) — p(a) € L*(0,T; Wy *(RT)), (2.42)
and
elp(v*) = ¢(Vo)] € L*(0,T; WH(R™)), (2.43)

where 4 € C°(R™) is a smooth function such that & = Uy when x = 0 and

u =0 when x > 1.

Proof. The result for u* follows from Corollary 2.17 and Corollary 2.20
which ensure that ¢(u¥) — ¢(Uy) € L>(Sr) and ¢(u¥) — ¢(Uy) € L'(St),
together with Lemma 2.21 which ensures that ¢(u*), € L?>(Sy). If ¢ > 0, the

estimates for v* can be proved likewise. 0

We can now prove a convergence result for solutions (u*,v¥) of (1.4) as

e — 0.
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Lemma 2.25. Let k > 0 be fived and (u¥,vF) be solution of (1.4) satisfying

(2.28) with & > 0. Then there exist (u¥,v¥) € (L=(S7))* such that up to a

subsequence, for each J >0

P(ul) = ¢(ul) in L*((0,J) x (0,T)),
uf — uk a.e.in (0,J) x (0,7),
G(vF) — o(vy) in - L*((0,7) x (0,T)),
vf 5 of a.e.in  (0,J) x (0,7),
o(ul) — p(a) = ¢(uy) — 6(a) in L7 (0,75 Wy*(RY))

as € = 0, where u € C°(R™) is a smooth function that & = Uy when x = 0

and = 0 when x > 1.

Proof. It follows from Lemma 2.19, Lemma 2.21 and Corollary 2.17 that
d(uk) and @(v¥) — ¢(V4) are bounded independently of ¢ > 0 in L*(Sr). By
Lemma 2.22 and Lemma 2.23, using the Riesz-Fréchet-Kolmogorov Theorem
[3, Theorem 4.26], yield that the sets {p(v) — ¢(%)}€>0 and {¢(ul)}
are each relatively compact in L2 ((0,.J) x (0,T)) for each J > 0. The weak
convergence of ¢(uf) —¢(a) in L* (0, T W()I’Q(R+)) follows from Lemma 2.24.

e>0

Then we know that ¢(u¥) — ¢(uF) and ¢(vF) — ¢(vF) almost everywhere

in (0,J) x (0,7T), so since ¢~* is continuous, then we have uf — ¢=(p(uk))

and v* — ¢~ (p(vF)) almost everywhere in (0, J) x (0,7). O

*

Recall that

Fp = {5 c CY(Syp): £(0,t) =&(-,T)=0fort € (0,T) and supp& C [0,J] x [0,T]]

for some J > 0}.
and
Qyi={aeW"?0,J)a=0at z=0}.
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Lemma 2.15 and Lemma 2.25 enable the following result to be established.

Theorem 2.26. Let ¢ = 0 and k > 0. Then Problem (1.4) has a unique
weak solution (u*,v*) € (L>(Sr))? for each J > 0 such that

(i) o(u®) € ¢(a) + L*(0,T;Qy), where & € C®°(RY) is a smooth function

that & = Uy when x =0 and 4 = 0 when x > 1;
(ii) (u*,v*) satisfies

/ Ugf@,o)dx +/ &ukdxdt :/ €x¢(uk)xd$dt + k/ §ukvkdxdt,
R+ ST ST ST

(2.44)
/ vpé(x, 0)dt +/ Eufdadt = k‘/ EuFvFdadt, (2.45)
R+ ST ST

for all £ € Fr.

Proof. Multiplying (1.4) by & € Fr and integrating over Sr yield that for
k vk) of (1.4) satisfy

each € > 0, solution (uf, v}

/ ufé(z,0)dr + / Gulidrdt = / Eed(ul) dadt + K / cuFvrdadt,
R+ St St St

(2.46)

/ v (x,0)dt + / EuFdedt = 5/ £, (vF) dadt + k‘/ EulvFdade.
R+ St St St
(2.47)

Then the existence of a solution (u*, v*) to (2.44)-(2.45) follows by using Lem-

ma 2.25 to pass to the limit along a subsequence as ¢ — 0 in (2.46)-(2.47).
The uniqueness of (u*,v¥) follows from the comparison principle proved in

Lemma 2.15. 0J
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2.3 Limit problem for (1.4) as k — o

The a priori estimates of the previous section yield sufficient compactness to
establish the existence of limits of solutions of (1.4) as kK — oo, both when

e>0and e =0.

Lemma 2.27. Let ¢ > 0 be fived and (u*,v*) be weak solutions of (1.4)
satisfying (2.28) with k > 0. Then there exists (u,v) € (L>*(S7))* such that

up to a subsequence, for each J > 0 that

¢(u*) = ¢(u) in L*((0, ) x (0,T)),
ub — a.e.in  (0,J) x (0,7),
¢(v") — ¢(v) in - L*((0, ) x (0,T)),
v = a.e.in (0,J) x (0,7),
¢(u*) — o() = ¢(u) — 6(a) in L (0.7 Wy (RY))
and for e >0
$(v") = d(Vo) = d(v) — (Vo) in L (0, T; WH(RY)),

as k — oo, where i € C®(R") is a smooth function that & = Uy when x =0

and & = 0 when x > 1.

Proof. The proof is directly analogous to that of Lemma 2.25, using bounds
independent of k in place of bounds independent of . The weak convergence

of p(v*) — ¢(Vp) in L2 (0, T; WL2(R™T)) follows from Lemma 2.24. O

The following segregation result is a key to characterisation of the limits

u,v in Lemma 2.27.
Lemma 2.28. Let € > 0 and (u,v) be as in Lemma 2.27. Then

uwv =0 a.e. in St. (2.48)
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Proof. It follows from Lemma 2.18 and Lemma 2.27 that uv = 0 almost
everywhere in Sp combining with Lemma 2.17 and using Lebesgue’s Domi-

nated Convergence Theorem. O

To derive the limit problem, we set

wh = b —F wi=u—w. (2.49)

Then it follows from Lemma 2.27 and Lemma 2.28 that as a sequence k,, —

00,
w™ = w in L* ((0,J) x (0,7T)) for all J > 0 and a.e in Sy,
and that
u=w", v=-w",
where st = max {0, s} and s~ = min {0, s}.

Lemma 2.29. Let ¢ > 0 and (u,v) be as in Lemma 2.27. Then

/ /s (= v)tededt + /R (ui” = v5°)&(x, 0)d
- [ 0t = o0 ot 50)

for all

e Fr={eC'(Sr): &0,t) =&(-,T) =0 for t € (0,T) and supp& C [0, J] x [0,T]

for some J > 0} .
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Proof. Multiplying the difference between the equations for u* and v* by

¢ € Fr and integrating over St gives

//S'T(Uk — ") & dadt + /R+ (uk — vE)¢ (2, 0)d
- / /STW“'C) — 20(v")) Eodadr,

for which (2.50) follows using Lemma 2.27 and the fact that uf — u$® and

vf = v in LY(RT) as k — oc. O
Now define
D(s) := N (2.51)

and the limit problem

Wy = D(w):ma in ST,
w(z,0) = wy(z) := =V, for z >0, (2.52)
w(0,t) = U, for t € (0, 7).

Definition 2.30. A function w is a weak solution of (2.52) if
(1) w e LOO<ST),

(i) D(w) € D() + L*(0,T; Wy *(R*)), where w € C®(R*) is a smooth

function with w = Uy when x =0 and w = =V when x > 1,
(iii) w satisfies

/R , wo(@)é(x, 0)dw + / /S whdad = / . D(w),&dadt.  (2.53)

for all € € Fr.
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Theorem 2.31. Let ¢ > 0. The function w defined in (2.49) is a weak
solution of problem (2.52) and the whole sequence (u*,v*) in Lemma 2.27

converges to (wt, —w™).

Proof. The existence of a weak solution is a straight forward consequence of
Definition 2.30 and Lemma 2.29. The fact that the whole sequence (u*, v*)
converges to (w, —w™) follows from the uniqueness results proved in Theo-

rem 2.32 when € > 0 and in Theorem 2.33 when ¢ = 0. O

Now we prove the uniqueness of the weak solution of (2.52) for € > 0.

Theorem 2.32. Let € > 0, then there exists at most one solution w of the

limit problem (2.52).

Proof. Let wy,ws be two weak solution of problem (2.52) and let ¢ €
Wh2((0,J) x (0,T)) be defined by

Elat) = /1t D(wn) (2, 7) — D(ws)(z, 7)| dr. (2.54)

where 9" as in proof of Lemma 2.11.

We know there exists &,, € Fr such that &, — & in WH2((0, L) x (0,T))
by the Meyers-Serrin Theorem (see [22] or [1, p.66]).

Now, subtracting (2.53) for w; and ws yields

/[ = wdadt = [ [ ). D) )gadrat,

with &,, € Fpr. Then letting m — oo, we deduce that for & € WH2((0, L) x
(0,7)) defined in (2.54) satisfies

//S (o —wn)ctact = [ (Blwn), = Dlwa).)eododt

Then we have
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- //ST (w1 — w2)(D(w1) — D(wy))i" dadt
- //ST[D(wl)x — D(w2)s] /T[D(wl)x — D(ws), ] drdzdt

+ [ 1P0m). ~ Dl /T[wwl)—zv(wz)m;dmxdt

=L+ 1L+ 13

where

- () [Dlan) Do)

Be=g [ o[ @~ D<w2>x>dtrdx
- [ vtotwn. - o | (D) — D) drddt,

Since ¥ is bounded, then with a positive constant C' we get

T L+1
ugygc/ / D(ws ), — Dl(ws) |/ D(wy) — D(ws)|drdadt
0 L

<c[[ [ mwn. - Dt ran] 2 [ [ [

by the Cauchy-Schwarz inequality, we obtain

,[3|<OTU/ D(wr)s — D(ws) |dxdt} [//

By using the Triangle inequality, we have

[ /0 ! /L D), D(w2)r|2dxdt} :
< [( /L \D(wlmdxdt); v 5 \D<w2>x|2dxdt)é] ,

33

— D(wsy)dr

/ D)

2

D(w,)| da:dt]

dxdt]

1
2

NG
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which is bounded independently of L by Definition 2.30.

Therefore with Kr is a positive constant we have

1
2

T L+1
| < Ky V / D(wy) — Dlws)Pdadt
0 L

We know from Definition 2.30 that D(w;) — D(w,) € L*(0, T; W, *(R*)),
then by Lebesgue’s Dominated Convergence Theorem, we have |I3] — 0 as
L — oo.

Therefore, since D is increasing, by Lebesgue’s Monotone Convergence

Theorem, we get

L + I, —>//S (w1 — wa)(D(wy) — D(wsy))dadt
1 T

2

=8 { | 0t = D] a.

as L — oo.

The result w; = wy follows from the fact that I; + I5 is non-negative. [J

The proof of Theorem 2.32 cannot refer to e = 0, since D(w;) —D(wy) =0
whenever wy, wy are both negative. Therefore, we need an alternative method
to prove the uniqueness of weak solution when € = 0. The proof is inspired
by [19, Proposition 5.

First, if we choose a smooth test function £ € C°(R* x [0, 7)), the weak
solution w satisfies

(1) w € LOO<ST),

(i) D(w) € D) + L*(0,T; Wy (RT)), where @ € C=(R*) is a smooth

function with w = Uy when x = 0 and w = —V{) when = > 1,

(iii) w satisfies

/R ) wo(z)E(x, 0)dx + / /S ) wédrdt = / . D(w),&dadt.  (2.55)
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The proof of the following result also works for ¢ > 0, so we will state

and prove it here for the general case € > 0.

Theorem 2.33. Let e > 0 and consider two solutions w,w of problem (2.52)
with nitial data wy,wy respectively, then
/ lw — w|dedt < C(T)/ |wo — wo|dz, (2.56)
Sr R+
and there ezists at most one solution of problem (2.52) for given initial func-

tion wy.

Proof. We know that there exists &, € C5°(RT x [0,T]) such that &, — &

in W,*(Sr) as m — oo. Now we can rewrite (2.55) as

/R+ wo(l’)ém(x,())dx+//s wémtd:cdt :/s D(w)émmdxdt,

with &, € CP(R x [0,7)), then letting m — oo, we deduce that for all
£ € Wy?(Sr) with (-, T) = 0 and £(0,-) = 0, the difference w — w satisfies

0= //ST (w — W) (& + aéyy)dxdt + /R+ (wo — o) (x,0)dz, (2.57)
D(w) — D(w)

— w # W,
w — W

where a :=
0 otherwise.
Observe that a € L*°(Sr), now consider a sequence {a,} of smooth func-

tion such that £ < a, < [lal/L(sy) + = and n — 4

" Va,

— 0 almost everywhere
in St as n — oo.

Let &, € W,(Sy) be the solution of problem

)‘ = gnt + anéna:xa in ST)
£.(0,1) =0, te(0,7), (2.58)

En(x, T) =0, r € RY,
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where A € C°(R* x [0,7)).
The existence of a solution to this problem follows from standard parabol-
ic theory, see for example [21, IV, Theorem 9.1]. We claim that the following

estimates hold,

(1) Nnllzoersry < CUM (s, T);

i [ wlfnf < COLT).

The maximum principle and a comparison of &, with the functions éf{ ,é;

defined by

gTJLr _ ea(Tft)’ ~7; _ _ea(Tft)’

where a = €T||A|| Lo (57, gives (i).
To prove (i), multiplying the equation of &, by &ue and integrating over
R* x (¢,T), we get

R+ R+ R+
T2 R+ R+

We deduce from above that

/ / (€ )22t < (&l 1y vl s
T

Using &, as a test function of (2.57), we obtain

0= / /S ! >\ +(a— an)gm] dadt + / (wo — o), 0)dz.

R+

We deduce by Hélder’s inequality and (ii) that
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tim s [ 0= )0 - )

a —a
< lim sup // =)
n—oo ST TL

=0.

|Vanéus|,

L2(Sr) *(5r)

Thus, in the limit n — oo, we get

//ST(w — @)dzdt < C(|A| (s, T) /R+(w0 ).

Taking a sequence {\;}ien, Ai € C°(Sr) with ||| pee(s,) < 2 and A, —

sgn(w — w) almost everywhere, we obtain by letting i — oo

// o — |dadt < C(T)/ [wy — ol .
S R+

By Theorem 2.31, Theorem 2.32 and Theorem 2.33, we obtain the fol-

lowing.

Theorem 2.34. Let ¢ > 0. Then there exists a unique solution w of the

limit problem (2.52).
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Chapter 3

The half-line case: self-similar

solutions for the limit problems

3.1 Self-similar solutions for the limit prob-
lems

The existence and uniqueness of the weak solution of problem (2.52) are
guaranteed by Theorem 2.34. In the following, we will prove that (2.52) has
a self-similar solution, which therefore be this unique weak solution. Our
strategy takes advantages of some ideas from [10] and [16].

We first state a free-boundary problem, including interface conditions,
that is satisfied by the solution w of (2.52) under some regularity assumptions

and conditions on the form of the free boundary.

Theorem 3.1. Let w be the unique weak solution of problem (2.52). Suppose
that there exists a function B :[0,T] — R* such that for each t € [0,T],

w(z,t) >0if 2 < B(t) and w(x,t) <0if x> [(¢).
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Then if t — B(t) is sufficiently smooth and the functions u := w' and

v = —w~ are smooth up to B(t), the functions u,v satisfy
(4 = ¢z in (2,) € Sp: @ < B(1),
v = £p(0) g, in (z,t) € Sy x> B(8),
) (@l =to)) o on Ty = {(z,t) € Sy = B(1)},
(W)B(1) = () —26(v).),  on Tpi={(w,t) € Sp:w = B(1)},
u = U, on {0} x [0,77,
u(-0) = uF (), v(-0) = v(),  inR",

(3.1)

where (-) denotes the jump across B(t) from {x < B(t)} to {x > B(t)},

a) = lim a(z,t) — lim «afx,t
< > TN\B(t) ( ) x /' B(t) ( )

and [B'(t) denotes the speed of propagation of the free boundary [(t).

Proof. We recall that (u,v) satisfies

// u — v)&dadt +/ (uy® —v5°)é(x,0)dx = // — ep(v)) & dadt,
ST R+ ST

for all € € Fr.

Next we consider the time derivative term, and find that

//5 (u —v)&dadt = //S u&pdrdt — //S vé&dadt, (3.2)

and
d [fO B(1) ! |
N ; ufdr = /0 (w€ + uéy)dx + a:/l‘rﬁrét) u(z, H)E(B(), 1B (1),
d [ oo . /
@ Jy T /B(t) (1€ + 0w — lim ol DEB(), 0 (),

from which we obtain

39



//ST(U —v)&dadt + / (U — v (x, 0)da

R+
() 00
_ /OT /O'ﬁ t utfdxdt —+ AT /ﬁ(t) Utgdl'dt + AT<U B U>§(ﬂ(t), t)ﬁl(t)dt

(3.3)
Analysis of the diffusion term then gives
[ [ sweea= [ i so.em.0u
/ / O()abdrdt,
[ [, onguaadt = —< [ im0, 0
—a// (V) z€dxdt,
and then combining these two equations yields
/ / e — €P(V)y)Epdadt
St
B(t)
= t)dt — ex&dadt
/0<¢<>+s¢> [ [ g
+ co&dadt. 34
[ o= (3.4

Therefore the computations (3.2), (3.3) and (3.4) yield

T

/0 (—u + 0)EB), OB (1)t + / (—(u)s + e0())E(B(E), D)L

_ /0 ' /0 " (e — ) €t — / / (e6(v)sn — v) Edudt,  (3.5)

for all € € Fr.

Now by using test functions with suitable support, namely supp& C
{(a:,t) € ST| r < B(t)} and supp & C { x,t) € ST} x> Bt } we obtain
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ur = O(U) g in {(z,t) € Sp:x < p(t)},
v = (V) gy in {(z,t) € Sp:x > ()},

and the remaining terms in (3.5) allow us to conclude that

/0 (—u+ 0)EB), OB (1)t + / (—()e + ed(v)a)Ea (B(1), 1)t = 0,

which gives

(—u+0)0'(t) + (—=p(u)y + ep(v)) =0 on Iy :={(z,t) € Sy :x=p(t)}.
(3.6)

Now we know that D(w) is a continuous function of x for almost every
t € [0,77], since D(w) € D(w) + L*(0,T; WH*(R™)) by Definition 2.30 (ii).
So (D(w)) = 0, which implies
— lim eg(—w™) — lim ¢(w")=— lim ep(v) — lim ¢(u) = 0.
zN\B(t) o ) :v/‘ﬁ(t)gb( ) TN\B(t) o) wfﬁ(t)¢( )

Therefore we get

(d(u)) = e(¢(v)) = 0. (3.7)

Moreover, since ¢ € C%(R) is strictly increasing, u(-,t) is continuous across

B(t) and if € > 0, v(+,t) is also continuous across [(t), so that

(uy=0 ife>0, (3.8)
(v)y=0 ife>0. (3.9)

Then (3.6) and the fact that (u) = 0 imply that

(0)B'(t) = ($(u)e — €d(v)s), onTr. (3.10)
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The following two limit problems are obtained by interpreting the inter-

face conditions on J(t).

Corollary 3.2. Let w and [ : [0,t] — R™ satisfy the hypotheses of theorem
3.1. Then the functions u := w™, v := —w™ satisfy one of limit problems
depending on whether ¢ >0 ore =0. Ife > 0, then

.

Uy = ¢(u)wx7 in {(l’,t) €Sr:x< ﬁ(t)}a
v =0, in {(z,t) € Sz < p(t)},
Vg = 5¢(U)xza n {(ZL’,t) € ST x> B(t)},
u=0, in {(z,t) € Sr:ax > pB(t)},
xgg%t) u(z,t) =0 = xglﬁ]%t)v(x,t) for each ¢ € [0, 77,

rg‘rﬁ%t) olu(z,t)], = —693{136%) dlv(z,t)],  for each t € [0,T],

u = U, on {0} x [0,77,

\u('ao) :ugo(')7 U(',O) :Ugo('>’ in R+7
(3.11)

whereas if € = 0 and we suppose additionally that S(0) = 0 and t — B(t) is
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a non-decreasing function, then

e = (1), in {(z,t) € Sr:x < B},

v =0, in {(z,t) € Sp:x < B(t)},

v =V, in {(z,t) € Sr:ax> B},

w=0, in {(x,t) € Sp: x> B(1)},

I%I%t) u(z,t) =0 for each t € [0, 7], (3.12)
VoB'(t) = — %n Plu(x,t)]. for each ¢ € [0, 77,

— on {0} x [0, ],

\u(-,()) :u80<'>: v(-,O) :vgo(')? in R+>
where ('(t) denotes the speed of propagation of the free boundary B(t).

Proof. We have (u) = 0 from (3.8). From (3.9), we know that if € > 0,
(v) = 0, whereas if ¢ = 0, v(-,t) jumps across 3(t). The fact that v; = 0 in
{(z,t) € Sp : x> B(t)} together with the initial condition that v3°(xz) =V}
if z > 0 give the result that v(z,t) =V, for all x > B(t), since 3(0) = 0 and

t — [(t) is a non-decreasing function. It follows that if ¢ = 0
(v)y =Vo—0="V, for all t € [0,T].

The normal derivative condition (3.10) implies that if ¢ > 0, then (¢(u), —
ep(v),) = 0, so that
lim = —¢ lim .
i Olula 0] = = lim oo,
On the other hand, if ¢ = 0, then

Vo (1) =~ lim o).
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Next we will prove that if we have a self-similar solution of (3.13), then
it is a weak solution of (2.52) in the sense of Definition 2.30. We will then
prove the existence of the self-similar solution of (3.13) by a two-parameter

method in Section 3.3.

Theorem 3.3. The unique weak solution w of problem (2.52) with ¢ > 0
has a self-similar form. There exists a function f : Rt — R and a constant
a € R* such that

w(x,t) = f (%) , (z,t) € Sy and B(t) = av't, t €[0,T).

Denoting n = %, f satisfies the system
(— Snf' ) = ) F @) ity <a,
— 3l ) = ¢ () ) it 0> a,
f0) =0, lim f(n) =~Va, (3.13)
%i;glf(n) =0=—lim f(n),
| lim ¢'(fm)f (n) = e lim ¢'(=f(m)f (),

where a prime denotes differentiation with respect to .

Proof. Note first that from Theorem 2.34, we know that if w(z,t) = f <%>
is a weak solution of (2.52), then it is unique. We therefore need to show that
a solution to (3.13) exists, which will be postponed to Section 3.3, and that
if f satisfies (3.13), then it is a weak solution of (2.52), that is, it satisfies
Definition 2.30.

Now the weak solution of (2.52) satisfies

// w&dzdt — / D(w) & dxdt =V [ &(z,0)dx,
Sy Sy R+
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T

Vit

where £ € Fp. If we write w(z,t) = < ), then since £(-,7) = 0, the

left-hand side becomes

I (o [ [0 () (s
o L)
T
/ / Y ¢ dadt
/ / (' (= F) ) Eadadt,

since h}n & (f(m)f'(n)=¢ 11\I‘D¢ (—=fm).f (n).

Since f satisfies (3.13), we therefore have

// wédxdt — / D(w) & dxdt
ST ST

=V R+§(m,0 dx+—//s wt=s f! (\if

o [ |

=W {’(:p,O) x

R+
and hence f satisfies Definition 2.30 (iii).

N o+

) Edxdt
/ "€ dadt

Next we will prove that f satisfies Definition 2.30 (ii). First, we introduce
some lemmas that will be used to prove ¢(Up) — &(f) € L*((0,a)), ¢'(f) €
L2((0,a)), #(Vo) — &(=f) € L*((a,00)) and ¢/(=f) € L*((a,00)). These

lemmas will also be useful later.

We define

7 = = lim /(£ () (). (314)
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Note that

v = —¢elim¢'(—f(n))f'(n) when e >0,

@
which we can obtain from the free boundary condition of Problem (3.13).

Next, we prove the monotonicity of f.

Lemma 3.4. Suppose ¢ > 0. If f satisfies (3.13), then f'(n) < O for all
n# a.

Proof. Suppose f is not monotonic, then there exists 79 # a such that
f'(no) = 0, denote fy := f(no) # 0. Then defining the function by ¢ : R —
R+

gn) = fo>0, foralneR,

we have that g satisfies

but also

1

—5nf' () = [&'(f().f" ()]

f(no) = fo,  f'(no) = 0.

By Picard’s theorem and the uniqueness, it follows that f = g either for all
n < a or n > a, depending on whether f(n9) > 0 or f(ny) < 0. But this
contradict the boundary conditions in (3.13), so we know that f must be

monotonically decreasing. 0

Next, we prove that v defined in (3.14) is strictly positive when € > 0. In

fact, v is also strictly positive when € = 0, see Corollary 3.12.
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Lemma 3.5. Suppose € > 0. Let f be a solution of (3.13), then v > 0.

Proof. If v <0, then integrating the equation for > a in (3.13) from a to
7 yields

1

=5 [ s s =< s+ (3.15)

The left-hand side of (3.15) is positive since f' < 0 by Lemma 3.4 whereas
the right-hand side of (3.15) is negative since f’ < 0 and v < 0. Therefore,
it follows that v > 0 by the contradiction. 0

It is clear that f € L°°(St), so it satisfies Definition 2.30 (i). Now we

prove some properties of f’.

Lemma 3.6. Suppose € > 0. If f satisfies (3.13), then for n > a, [’ is

monotonically increasing in 1.
Proof. The results follow from the equation for f when n > a
1
—5nf'(n) = —e¢" (=) (f (M) + ¢/ (=f ) /" ().

The left-hand side is positive since 0 < a < 1 and the first term of right-hand

side is negative. Therefore f” must be positive. O

In the following, we prove a bound for —f’ when 1 > a.

Lemma 3.7. Suppose € > 0. If f satisfies (3.13), then we have for n > a

4y
—f'(n) < 2 (3.16)
and hence, in particular,
lim f'(n) = 0. (3.17)
n—00
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Proof. Integrating the equation of f for n > a from a to 7, we have

=5 [ s s =< s+

Since f’ < 0 is increasing and the right-hand side is positive, then

1

—3 7' 0* = a®) <ed/ (= fFm)f () +v < 7.

Therefore we obtain

dy
—f'(n) < m-
If we choose 7 > a + 1 then
4y
—f'(n) < —— 3.18
which vanishes as n — oc. 0

The following lemma proves that ¢(— f) converges to ¢(Vp) exponentially.

Lemma 3.8. Suppose € > 0. If f satisfies (3.13), then for n > a we have

2

0< o)~ ol—fm) <C [ e, (3.19)
n

a2
where C' = ~e 4" Vo)

Proof. Denote N = ¢/(Vp). We have ¢/(—f) < ¢'(V}) since f is monoton-
ically decreasing by Lemma 3.4 and ¢’ is increasing. Then we get directly

from the equation of f for n > a that

77 / "
Sl < ~[p(= )"

then multiplying by e~ , we get
2 !/
{efio-nr} <o
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integrating from a to n yields

[6(— ()] < Ceh, (3.20)

(12 . .
by Lemma 3.7, where C' = yeie¥ > (. Then integrating from 7 to co we get

2

—s

M%%ﬁ%ﬁ@»sc/ T s,

We get the following corollary immediately from (3.20).

Corollary 3.9. Suppose ¢ > 0. If f satisfies (3.13), then fora <n <a+1

we have

0< —¢'(=f(m)f'(n) <D, (3.21)

(at+1)?
where D = %6 %) & (—fla+1))f(a+1).
The following lemma yields a bound for —¢'(f(n))f'(n) for n < a.

Lemma 3.10. If f satisfies (3.13), then for 0 < n < a we have
0 < —¢'(f(m)f'(n) <C, (3.22)

where C' = —¢/(£(0)) f'(0).

Proof. Denote N = ¢ (Uy), similarly to the proof of Lemma 3.8, we have

2

/
{Fr} =0
and then integrating from 0 to n we get

0< —=¢'(f(n)f'(n) < Cean < C. (3.23)
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Now we have ¢(Uy) — ¢(f) € L*((0,a)), since Lemma 3.4 implies f(n) <
Up for n < a, and —(¢(f)) € L*((0,a)) by Lemma 3.10. From Lemma 3.4
and Lemma 3.8, we know that ¢(Vy) — ¢(—f) € L*((a, 00)), since

a+1
[ 1o0h) = o= f(s)Pds < (0(0)
| 16) = o= fsPds < | e ds < 4o (Vo)e .
a+1 a+1
Finally, —(¢(—f))" € L?((a,00)) is implied by (3.18) and Corollary 3.9. It
therefore follows that if f satisfies (3.13), then it satisfies Definition 2.30 (ii)

that is
D(f) € D(w) + L*(0, T; Wy *(R1)),

since by changing variables

T aVt T a
/0 / 16(Un) — b(w) (e, )Pt = / Vi / 6(U0) — 0(7(s))Pdsa < 20T
and

T avt T 1 “ 1
2 o L , /9 1
/o /0 9w dxdt—/o \/E/o &' () f["dsdt < 20T,

where C'is a constant. Similar calculations can be done on (av/t, 00) x (0, 7).
Hence f satisfies Definition 2.30. It remains to prove the existence of solution

of Problem (3.13), which is done in Theorem 3.30 in Section 3.3. O]
Similarly, we can prove that if we have a self-similar solution of (3.24)
when ¢ = 0, then it is a weak solution of (2.52) in the sense of Definition

2.30.

70



Theorem 3.11. The unique weak solution w of problem (2.52) with e = 0
has a self-similar form. There exists a function f : RT — R and a constant

a € RT such that

w(x,t)=f (%) , (z,t) € Sy and B(t) = avt, t €[0,T].

% f satisfies the system

7

Denote n =

() =G, i <a

f(n) =V, if n>a,

f(0) = U, (3.24)
lim f(1) =0,

|t )7 () = =5

where a prime denotes differentiation with respect to 0.

Proof. When € = 0, we can only consider f for n < a, since f(n) = =V} for
n > a. The proof of the fact that a solution of (3.24) yields a weak solution
of (2.52) is similar as the proof of Theorem 3.3 and the existence of solution

for problem (3.24) is proved in Theorem 3.34 by the shooting method. [

v
The following corollary follows from the fact that v = % when ¢ = 0,

which is directly from the free boundary conditions on (3.24).

Corollary 3.12. Suppose ¢ = 0. Let f be a solution of (3.24), then v = %VO

18 positive.

3.2 Self-similar solutions with ¢ > 0

We begin with some discussion of earlier work on self-similar solutions for

nonlinear diffusion problems. Let k(s) be continuous with £(0) = 0 and
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k(s) > 0 as s > 0. We introduce the notation k(s) for ease of comparison
with previous papers [2, 7], but, k clearly plays the same role as ¢’ plays in

this thesis. Then the solutions of the nonlinear diffusion equation
U = (k(u)x)x

can be studied in self-similar form

ulw,t) = f(n), n=at",

and f satisfies the equation

(K(H S + %nf’ = 0. (3.25)

In [2], Atkinson and Peletier proved the existence and uniqueness of a self-
similar solution f(n) which satisfies (3.25) for 0 < 7 < a, where a > 0, under
the boundary conditions f(0) = U, lim f(n) = 0 and lim k(f(n))f'(n) = 0.

n—a n—a

They consider two cases in describing the dependence of a and U,

A. / h @ds = 00;
1S
B. / h @ds < 00.
.S
They found that as U — o0, a = a(U) tends to infinity in Case A whereas
a(U) tends to a finite limit in Case B. In this thesis, we only consider the case
when / h gds = 00. The proof in [2] depends on a discussion of the func-
tion b(al), which is defined as the value at n = 0 of the solution f(n) = f(n;a)
of (3.25) with boundary conditions hESL f(n) = 0 and lig(ll k(f(n)f'(n) = 0.
A similar problem in an unbounded Ti)nterval 0<n< og with boundary con-
ditions f(0) = U and nlglolo f(n) = 0 is studied in [7] by Craven and Peletier.
Note that in [7], f(n) > 0 for all > 0. The paper [7] proved the existence

and uniqueness of a weak solution by a shooting method where the initial
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value problem f(0) = U, f'(0) = 8 is considered. We will adapt ideas of s-
tudying the function b(a) and shooting methods from [2, 7] to prove existence
of self-similar solutions in this thesis.

Now recall that v := — 7171}(11 &' (f(n)f'(n). Note that by Lemma 3.5 and
Corollary 3.12, v is strictly positive, which contrasts with [2] where v = 0.
We will study the existence of solution f that satisfies (3.13) with given
boundary conditions by splitting it into two parts: n < a where f(n) is
positive, and n > a where f(n) is negative. Then we will discuss the existence
and properties of 7171_r>r(1) f(n) and 7711_)%10 f(n). These results will be used to study
b(a,y), the value at n — 0 of the solution f(n) = f(n;a,~), and d(a, "), the
value at n — oo of the solution f(n) = f(n;a,v), and also to implement a
two-parameter shooting method in Section 3.3.

First we consider f that satisfies the equation

—snf'n) = @], 0<n<a (3.26)

At the boundaries we seek a solution that satisfies

f(0) = U, (3.27)
lim f(n) =0, lim ¢'(fm)f () = —. (3.28)

3.2.1 Solution in left-neighbourhood of n =a

We start by proving the local existence of a positive solution of (3.26) in a

left-neighbourhood of n = a, which satisfies the boundary conditions (3.28).

First we prove some estimates that will be used later.

Lemma 3.13. Suppose a > 0 and choose a; < a. If f satisfies (3.26) and
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the boundary conditions (3.28), then

/ﬂm<wndf<
0

n a’. (3.29)

1
2

Proof. Integration of (3.26) from 7 to a yields

_% / " (s)ds = —y — S () ().

In view of Lemma 3.4, f’(n) is negative, then since a > 0

1 a
SN < 7= 5a [ F(s)ds
7
Thus, for any as such that a; < as < a , we have

a2 / !/ 1

[l Ly,
ai a + f(77) 2

Since f is monotonic, this implies

o g L
df < =
/f(az) %% + f f 2

a?,

and (3.29) follows by letting ay tend to a, so that f(as) tends to zero. O

Next we prove the existence and uniqueness of the local solution by using

a method inspired by [2, Lemmas 4 and 5].

Lemma 3.14. For given a and vy, there exists 0 > 0 such that for n €
(a—9d,a), equation (3.26) has a unique solution which is positive and satisfies

the boundary condition (5.28).

Proof. It is convenient to start by supposing that such a solution exists in

a left-neighbourhood of n = a. Integrating (3.26) from 7 to a yields

3 [ s == - g (3.30)
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and hence

12 (3.31)

frin) [ sf/(s)ds — 29

Since f is monotonic, with non-vanishing derivative, we can treat n as a

function of f, writing n = o(f). Then (3.31) takes the form

do_ —20(f)
df fof o(s)ds 4+ 2y

and o(f) is a solution of this integro-differential equation which satisfies the
initial condition ¢(0) = a and is defined and continuous on an interval [0, f]

for some f > ( and continuously differentiable on (0, f ). An integration gives

I 0
(f) = 2/0 foea(s)ds+2yd0’ (3.32)
and if we set
r<f>=1—"(af> -1-1,
then (3.32) becomes
P ¢/(0)
(f) =2 /0 T E (3.33)

If the solution of (3.33) is unique, the corresponding solution of equation

(3.26) is also unique.

Now we prove (3.33) has a unique solution on [0, u] for some p > 0, from

which it follows that (3.26) has a unique solution on (a — 6, a).

Lemma 3.15. There exists p1 > 0 such that (3.33) has a unique continuous
solution in 0 < f < u, which is such that 7(0) =0 and 7(f) > 04if0 < f < p.
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Proof. With u to be chosen later, we denote by X the set of continuous
functions 7(f) defined on [0, 1], satisfying 0 < 7(f) < 2. We denote by ||. ||

the supremum norm on X. Then X is a complete metric space. On X we

dé
/ fol—T %’
<4 —2/ ¢/

_7

It is clear that M (7)(f) is well-defined, non-negative and continuous. More-

over, M(7)(f) < 3 if

introduce the map

o (" d(0) 1
4q72 < =, .34
a 0+4§d0_2 (3.34)

Therefore, if p is chosen small enough that (3.34) is satisfied, M maps X
into itself.
We also wish to ensure that M is a contraction map. Let 7,7 € X, we

have

fo |71(s) — 72(s)|ds

s~ Ml <2072 [ 6 Rt £ (il ]

2/ ¢ d@ H7'1 — TQH

/
gsaz/o +4_7de||ﬁ—72||,

and it follows that M is a contraction map if

72 /
/ ld6<1

a

This constitutes our second restriction on p, it clearly implies the first one,

(3.34). The result now follows from the standard fixed-point principle [12].00
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For any a > 0, the unique positive solution f(n), defined in a left-
neighbourhood of = a, which satisfies the boundary conditions (3.28), may
be uniquely continued backward as a function of . By Lemma 3.4, it will
increase monotonically as 1 decreases. There are then two possibilities, either
the solution can be continued back to n = 0, or else we have f(n) — oo as 7
decreases towards some non-negative value. We now show that the solution

can indeed be continued back to n = 0.

Lemma 3.16. For any given a,~y, the unique local solution of equation (3.26)

in Lemma 3.14 can be continued back to n = 0.

Proof. Suppose 0 < a; < a and f(n) — oo as n — ay. If there exist

as € (a1,a) is such that f(as) > 2, then we have from (1.3) that

= @(f) L[> ¢(f)
df > = df = co. .
/f(az) f+% =5 faz) f=ee (335)

But the boundedness of the integral from (3.29), together with (3.35), implies
the boundedness of f(ay).
Now consider a; < n < a—0 for 6 > 0. Integrating (3.26) from 7 to a —

yields

() = —la— a— " s)ds
10 = 7 (7= ga == nsi+ [ as).

which implies for some constant C' that —f'(n) < C for n < a — 6. It follows
from [6, Theorem 1.186] that the solution can be continued back to n = 0.0

Now recall b(a,v) = lim f(n;a,v), where v := —lim ¢'(f(n))f'(n) with
0 /!
n— n/a

v > 0. Next we discuss the properties of b(a, ).
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3.2.2 Properties of b(a,)

The following discussions on b(a,7) are used in proving existence of self-

similar solution by shooting from 1 = a with a given choice of v, the derivative

of ¢(f), back to lim f(n; a,7).

Lemma 3.17. b(a,7) has the following properties with fized a:
(i) b(a,~) is strictly monotonically increasing in y;

ii) b(a,y) is a continuous function of v and the Lipschitz constant is uni-
Y Y

form in v € [y, 73], where 0 < vy < 3

(iii) lim b(a,vy) = co.

o0
Proof. (i) Denote f,, = f(n;a,7v). Let f, and f,, be positive solutions
satisfying (3.26), (3.28) corresponding to v = 1,7 = 2. Suppose b(a,~y) is
not strictly monotonically increasing in . Then it is possible to find v; > 75
such that b(a,v1) < b(a,72) and 1y € [0,a) such that f,, (n0) = f5,(n0) and

f’Yl > f72 on (7707a)7 we denote ]F = f’Yl (770) = f72(770)'
Integrating the equation (3.26) for f,, and f,, from 7y to a and obtain,

gl +5 [ Fals)ds == = S0, () (3.36)
7o

gl 5 [ Fal)ds = =2 = () ). (3.37)
70

Subtract (3.37) from (3.36) gives

3 | (o) = Fa()ds = (2= 20) + S (D lm) = £, ()]

Since f,, > f,, on (1o, a), the left-hand side is positive. The right-hand side

is negative because f;_ (n0) < fi (n0) at 1y and v, < v,. We therefore have a

al
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contradiction. The function b(a,~) must therefore be strictly monotonically
increasing in .

(ii) Let 0 < 70 < 71 < 72 < 73. Recall the function 7(f) from Lemma
3.14 and set 7(f) = 7(f; ) = 7i, where i = 1,2. Then

IT(fsm) — 7(f;72)]

dé

—92q 2 / ¢'(0) ¢'(0)
fol_Tls)dS‘f—hl f01—7'2 )]34_%
/f ()4 [ [ri(s) — mo(s)]ds + 22 — 231}
{0 =ni()ds + 2 b [ = ma(s)lds + 22

Consider the function

L(0:7) = (9+ %7)1 {/06[1 o (s;7)]ds + %7} 0< 0 < bla,).

L(0;~) is a monotonically decreasing function of 6 since

=202 do| .

AL (0+2)[1—7(0)] - Jy[1 = 7(s))ds — 2
00 (9+2_7)
fo )Jds — 2(1 + 7(0)) _
(9+%”) |

and L — 1 as § — 0. Therefore, when 0 < 6 < b(a, )
Lb(a,7);7] < L(057) <1
We can now write

T 9/(9)

max
0o 0+ ZL 0<s<o

[T(fim) = 7(fi72)l < A2 =) + B [7(s5m) — 7(s;72)[dF,

where

A =16a"1952¢(b(a,ys)) {Lb(a, 1); m]} " {L[b(a,v2);72)} ",
B =2a"*{L[b(a,);al} " {L[b(a,72); ]},
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and if we set w(f) = Joax. |7(0;71) — 7(0;72)]|, then

4G

w(f) <A(ye —m)+B 0 @w(ﬁ)dﬁ.

Define the function

M(y) = Libla,7); 7] = [abla, 7) + 291" [ / " Fmy)dn + 27] .

It was shown in (ii) that, since v; > y0(i = 1,2),

f;v) = f(n;7) on [0,a).

Since f(n;~;) > 0 it follows that

M(3) > [ab(a, ) + 29" { [ stasan+ 270} .

Moreover, 7; < 3 and hence, in view of (ii), b(a,v;) < b(a,~s). Therefore

M(v;) > [ab(a,vs) +275] ™" [/Oa fn;7v0)dn + 270} :

Thus it can be seen that the constants A and B are uniformly bounded for
v € [0, 8-

It now follows from Gronwall’s Lemma (see [20, p.24]) and the fact that
f < b(a,v3), that 7(f;~) satisfies a Lipschitz condition in  which is uniform
with respect to f € [0, b(a,v3)] and v € [vo,73]-

From this, and the observation that 7 is continuously differentiable on

(0, 1] with

we can write
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ba12) Hr

!T(b(a,%);w)—T(b(am);w)lI/b( ) W(fmz)df

g2 )
22

[b(a, 72) = bla, )],

by the Mean Value Theorem, for some f* € (b(a,v),b(a,72)). Now we

consider

17(b(a,71);72) — 7(b(a, v2);72)| = [T(b(a,11);71) — 7(b(a, 11);72)|

<|r(b(a, 11);71) — 7(b(a,72);72)| = 0.

Then we have

17(b(a,11);72) — 7(b(a,72); v2)| < |7 (b(a;71);71) — 7(b(a, 11);72)| < K|y — 72l

since 7 is Lipschitz continuous. Therefore

¢'(f7)

2a72 f* + 272

[b(a;72) = bla; )] < Ky = 7l

We may conclude that the function b(a, ) Lipschitz continuous in v and
the Lipschitz constant is uniform in v € [y, 73]

(iii) Integrating (3.26) from 7 to a yields

1

S =7 - [ s 6ds =

Then we integrate from 7 to a and obtain

f(n)
/0 §(F)Af = v(a—1).

letting n — 0 gives
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As ¢'(f) is continuous on [0, 00) and ¢'(0) = 0 then we have b(a,y) — oo as

v — Q. O

Next, we discuss properties of b(a,~y) with fixed .
Lemma 3.18. b(a,~) has the following properties with fized ~y:
(i) b(a,~) is strictly monotonically increasing in a;

(ii) limb(a,~) = 0;

a—0

(iii) b(a,v) is Lipschitz continuous in a and the Lipschitz constant is uni-

form in a € (ag,a3) and v € (y0,73), where 0 < ag < az, 0 < v < 735

(iv) algrc}o b(a,7) = 0.
Proof. (i) Denote f,, = f(n;a;,7v). Let f,, and f,, be positive solutions
satisfying (3.26), (3.28) and corresponding to a = a1, a = as. Suppose b(a, )
is not strictly monotonically increasing in a. Then it is possible to find
0 < ay < ay such that b(as,~y) < b(ay,~y) and 1 € (0,a;) such that f,, (n9) =
faz (o) and fa, < fa, on (10, a1), we denote f:= fo, (10) = fas(n0)-
Integrating the equation for f,, from 79 to a; and the equation for f,,

from 79 to as yield,

siof g [ fuls)ds =~ = $ () m) (3.35)
0

siof + g [ fusls)ds = = = $(F) ) (3.39)
0

Subtracting (3.38) from (3.39) gives

1

3 Ul = fuoDds 5 [ s + 61 m) — oy tm] =0
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Since fu, < fay o0 (10, a1) and f,, > 0 on (ay, as), the first and second term
are positive. The third term is non-negative because f;_(n0) > fi, (n0) at 1.
We therefore have a contradiction. The function b(a,~y) must therefore be

monotonically increasing in a.
(ii) Let @ < 1, denote N = ¢'(b(1,7)), we have ¢'(f) < N by (i). Then
we get directly from (3.26) that

—Se B < B for0<n<a,

which implies that

where A = ¢/(b(a,v))f'(0) < 0. Integrating from 1 to a we get

6(f(n) < —A / " s,

Now we integrate the equation (3.26) from 0 to a and obtain
1 ¢ / /
5 | f()ds =7 —¢'(b(a,7))f'(0).
0

1 a
Then —A =~ + 5/ f(s)ds and we have —A — ~ is bounded as a — 0.
0

@ —s2 —s2
Therefore lir% o(f(n)) < —A/ e*N ds — 0 as a — 0 since eV is bound-
n— 0
ed, which implies that lim lim f(n) = lim b(a,y) = 0.
a—0n—0 a—0
(iii) Let 0 < ap < a1 < ag < az. Recall the function 7(f) from Lemma
3.14 and set 7(f) = 7(f;a;) = 7, where i = 1,2. Then
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7(f;a1) = 7(f; az)|

— 72 (0 do =2 -2 / ¢/(9) de
/ fo [1—7(s)] ds+i—? " /0 foe[l—Tg(s)]ds—i—z

, /f ¢'(0) {a2 f:[l — 73(8)]ds + 2ayy — a? foe[l —7i(s)]ds + 2a17}
0 a3 {1 1—71(3)]ds—|—2—7} {1 =m(s)ds + 2}
2 f fo |71(s) — T2(s)|ds
o / {foe[l—Tl(S)]dSJrz—?} {711 =mals)lds + 2}
T = (i)l + 72d0
{foe [1—7(s)]ds + 21} {foa[l — 7o(s)]ds + i—;’}

)

do

fo |T1(s) — T2(s)|ds

=3 /0 {foe [1— 7'1(8)]d8 + 21} {f [1—7a(s)]ds + z_;z}

2(a3 — a?
2 1 / 27 de
azaf fo [1—7(s + 2
Let 0 < 79 <71 < 72 < 3 and consider the function

L@mq&z(ﬁ+%)4{1ﬁl—ﬂawmy+%}, 0<6<ba,).

L(6;a) is clearly a monotonically decreasing function of , and L — 1 as

8 — 0. Therefore

do

Lib(a,v);a] < L(O;a) <1 for 0 <0 < b(a,~).

It then follows that

¢/( ) max |7(s;a1) — 7(s; az)|d,

7(f;a1) = 7(fia2)| < Alaz — ) + B 0 0+ 72 0ss<0

where
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blai,y) 4t
A= olita / () A0 {Lb(ar,~);a1]}
0

ata3 0 + 2%
a; + as b(a1,73) ¢ (0) ;
=2 0 {L{b(ay, 7):

B = 2a,” {L[b(ar,7); ar]} " {L[b(az, 7)s ao]} "

If we set w(f) = Dax |7(0; a1) — 7(0; az)|, we then have

(0
ff Qlw(a)de.

f
o(f) §A(a2—a1)+B/0

Define the function

AﬂmvszMMWx@:ﬁmmWw+2ﬂ4[Afﬂmmvmn+24.

It was shown in the proof of (i) that, since a; > ao(i = 1,2), f(n;a:,7y) >

f(n;aop,7) on [0,ap). Since f(n;a;,7y) > 0 on [ag, ay) it follows that

M(ai,y) > [aib(ai, ) +279] 7 [/00 f(n; ao, v)dn + 27} :

By Lemma 3.17 (i), since v > 7o, f(n;a,7) > f(n;a,7%) on (0,aq), so that

M(a;, ) > laib(ai, ) + 2]~ [/0 0 f(n; a0, v0)dn + 2’70] .

Moreover, a; < as, 7 < 73 and hence, b(a;,v) < b(as,y3). Therefore

meZMWm®HM1VJW%%W+%}
0

Thus it can be seen that the constant A and B are uniformly bounded on
the interval [ag, az] and [vo, v3].

It now follows from Gronwall’s Lemma [20, p24] and the fact f < b(as, )
that 7(f; a) satisfies a Lipschitz condition in a which is uniform with respect

to f €[0,b(as,v)] and a € [ag, as).
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From this, and the observation that 7 is continuously differentiable on

(0, 1] with

or 2a—2 (b/(f) [L(f, a)]—l > 2(1_2 ¢/(f>

of " f+Z f+
since [L(f;a)] < 1.

Y

a|¥

We can write

b(az) Hr
ar (f7 (lg)df
/b(al,’y) af

Y[

az

[7(b(ay, 7); az) = 7(blaz,7); az)| =

>2a

[b(az, 7) = b(ar, 7)l;

by the Mean Value Theorem, for some f* € (b(a1,7),b(az,v)) and f* >
b(ag,7y) > 0.

We may conclude by a similar argument to that in proof of Lemma 3.17
(ii) that the function b(a,~y) is Lipschitz continuous in a and the Lipschitz
constant is uniform in a € (ag, as) and v € (v, 73)-

Here we can prove the Lipshichtz constant is uniform in both a € (ag, as)
and v € (70, 73) since we proved the monotonicity on v of b(a,~y) on Lemma
3.17. This result will be used to prove b(a, ) is a continuous function of both
a and 7.

(iv) Integrating (3.26) from 7 to a yields

S0 =75 [ a5

then we have

6 (F)F () =7+ 3 (m) = 2 f ().

For any a, with n < a4 < a we obtain

D) 1,
/M s = (i — ),
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letting a4 — a and n — 0,

b(aﬁ)M 1,
/0 f df24a.

As ¢'(f) is continuous on [0, 00) and ¢'(0) = 0 then we have b(a,vy) — oo as

a — 00. ]

Now we prove that b(a,~) is a continuous function of both a and - by

using Lemma 3.17 (ii) and Lemma 3.18 (iii).
Lemma 3.19. b(a,) is a continuous function of vy and a.

Proof. Consider

[b(a,7) = b(ao, v0)| < [b(a, ) = blao, V)| + [b(ao, 7) = blao; Y0)l-

It was shown in the proof of Lemma 3.17 (ii) that b(a,~) is uniformly con-
tinuous in v € [0, 73], so there exists ; such that |b(ao,y) — b(ag,Y0)| < &
if |7 — 70| < 1. And by the proof of Lemma 3.18 (iii), there exists up such
that |b(a,7) — b(ao,7)| < $ if |[a — ag| < p2 and v € [yp,7s). Therefore

b(a,y) — b(ao, 70)| < % + % =0 if |a — ar| + |y — 70| < max{p, pa} O

By similar arguments to those in Lemmas 3.17, 3.18 and 3.19 and the
fact that the particular choice of n = 0 in b(a,~y) = f(0;a, ) plays no special
role, letting 1y € [0, oo] play the same role as 0, we can obtain the following

corollary.

Corollary 3.20. For each fized ng € (0,a), if f satisfies (3.26) and (3.28),
then f(no;a,v) is a continuous function of a and v and is monotonically

increasing in both a and .
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3.2.3 Solution in right-neighbourhood of n =«

Now we consider f that satisfies the equation

ol ) =<l (~Fa ), > (3.0

At the boundaries we require

lim f(n) = =V, (3.41)
lim f(n) =0, lim e¢/(~f ()" ) = 7. (342

We next prove the existence of a negative solution of (3.40) in a right-

neighbourhood of n = a, which satisfies the boundary conditions (3.42).

Lemma 3.21. For given a > 0, there exists 6 > 0 such that in (a,a +

) equation (3.40) has a unique solution which is negative and satisfies the

boundary condition (3.42).

Proof. It is convenient to start by supposing that such a solution exists in

a right-neighbourhood of 7 = a. Integrating (3.40) from a to n then yields

1

73 /an sf'(s)ds =y +e¢' (= f(m) f'(n), (3.43)

we write (3.43) in the form

1 %g(-f)
i) = [ sf(s)ds — 2y

Since f is monotonic by Lemma 3.4, with non-vanishing derivative, we can

(3.44)

treat 7 as a function of f, writing n = o(f). Then (3.44) takes the form

do _ 2e¢'(—f)
df f}?a(s)ds—?v7

and o(f) is a solution of this integro-differential equation which satisfies the

initial condition o(0) = a and is defined and continuous on an interval [ fy, 0]
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for some fy < 0, and is continuously differentiable on (fy,0). An integration

gives
° g (-0)
=qa— de .

o(f)=a Q/f feoa(s)ds o (3.45)

and if we set
)= o =
then (3.45) becomes
1
T(f) = 20 [0 LD de. (3.46)

1 2
Ffy 45—

If the solution of (3.46) is unique, the corresponding solution of equation

(3.40) is also unique.

Lemma 3.22. There exists a i > 0 such that (3.46) has a unique continuous
solution in —p < f < 0, which is such that 7(0) = 1 and 7(f) < 1 if
—pn < f<0.

Proof. With i to be chosen later, we denoted by X the set of continuous
functions 7(f) defined in [—, 0], satisfying 3 < 7(f) < 1. We denote by ||. ||
the supremum norm on X. Then X is a complete metric space. On X we

introduce the map

1
M(7)(f) = T
_ e’ (—
1—2a 2ff —fe?Té S _7d9
1
T14207 [0 E;:(J)de

It is clear that M (7)(f) < 1is well-defined, continuous. Moreover, M (1) >
if

1
2

1 1
> o)
1+2072 [ €j+2f) dg — 2
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which gives

0 /
242 / (=) 4p < 1. (3.47)
K

o+2  —
Therefore, if p is chosen so small that (3.47) is satisfied, M maps X into
itself.
We also wish to ensure that M is a contraction map. Let 7,75 € X and

choose p < %, we have

0_1 1
fo €¢/(_9) . o 72(5)_7(1)(3)d5
1 2 1 3
! U 35— eds—a)

1M (1) = M(7)|| =207

_ 2 (0 __e¢'(=0) yq _ 2 [0__ed'(=0)
(1—2a- fffeT —ds- 2:)(1 2a~ fffer )

0 71 ( ) 72((;‘)(15
_92 (s)m2(s
e H

<8a™? /_“ —(zgf( B )deuﬁ — 7]

/
§8a—2/ il 7)d9||71—72||
042

a

It follows that M is a contraction map if

_ e¢'(—0)
8a /# PR do < 1.

a

This constitutes our third restriction on u, it clearly implies the first one.

The result now follows from a standard fixed-point principle [12]. O

For any a > 0, the unique negative solution f(n) defined in a right-
neighbourhood of = a, which satisfies the boundary conditions (3.42), may
be uniquely continued forward as a function of 1. By the monotonicity, it
will decrease monotonically as 7 increases. There are then two possibilities.
Either the solution can be continued forward to 7 — oo, or else we have
f(n) = —oo as 7 increases towards some positive value. We now show that

the solution can be continued forward to n — oco.
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Lemma 3.23. For given a,~, the unique local solution in Lemma 3.21 can

be continued forward to n — oo.

Proof. We have from (3.40) that

=f'(n) < —[¢"(=N ST (3.48)

Integrating (3.48) from 2a to 7 yields
—e¢/(~ (20))f'(20) = 5f(20) =~/ (—f ()" (n) = /().

then we know that —e¢’(—f(n))f'(n) — 5.f(n) is bounded above by some pos-
itive constant C', so f is bounded. The boundedness of — f'(n) for n > a + %
follows similarly to (3.18) for § > 0, so it follows from [6, Theorem 1.186]

that the solution of (3.40) can be continuous forward to n — oo. O]

Now recall d(a,v) = lim f(n;a,7). Next we discuss the properties of
n—00
d(a, ).

3.2.4 Properties of d(a,~)

The following discussions on d(a,~) are used in proving existence of self-

similar solution by shooting from 1 = a with 7, the derivatives of ¢(f), to
lim f(n;a,7).
7—00
Lemma 3.24. d(a,~) has the following properties with fized a:
(i) d(a,7) is strictly monotonically decreasing in -,
(i) lim d(a,y) = —oo;
Y—00

(iii) limd(a,v) = 0.

y—0
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Proof. (i) Denote f,, = f(n;a,7%). Let f, and f,, be positive solutions
satisfy (3.40) and (3.42) corresponding to v = 71,7 = 72. Suppose now
d(a,y) is not strictly monotonically decreasing in . Then it is possible to
find 1 > 7, such that d(a,y1) > d(a,v2) and 1y € (a, 00) such that f,, (ny) =

frn(mo) and f., < f,, on (a,n), we denote by f := £, (10) = f+,(10)-
Integrating (3.40) for f,, and f,, from a to 7y yields,

1 1™ Vo

—smi+5 [ R =S CDEm (349
B 0 B

gl 5 [ Fadn =S DL e (350

If we subtract (3.50) from (3.49), then

%/ano[fm (1) = fro(n)ldn = ' (— )[ff/h (no) — f;z(no)] + (71— 72)-

Since f,, < f,, on (a,no), the left-hand side is negative. The right-hand
side is positive because f! () > fI,(n0) and 71 > 72. We therefore have a
contradiction. The function d(a,y) must therefore be strictly monotonically
decreasing in 7.

(i) Suppose d(a, ) does not satisfy lirgo d(a,~y) = —oo. Then there exists
M > 0 such that d(a,v) > —M for all :yy, which implies | f(no)] < M for each
fixed ng > a.

Integrating (3.40) from a to 7y gives

3= —Smfm) + / £(s)ds — 6/ (— () ().

10
Since / f(s)ds is negative, using the upper bound of |f|, we get

(M) ) > 7= 2 [ Fs)ds >y

By (3.18) we know that for all ny > a +1

h'(M) _
2770 — 1




4 /
If we rewrite as ( 2¢ ) and choosing and fixing 7, sufficient
770
large such that 1 — 2 1 > § we then have Mny > ~ for all v. But this
Mo —

is a contradiction, so if v — oo, we have d(a,~y) — —oc.

(iii) Integrating (3.40) from a to 7 yields

—1/"sf<) c¢! (— F ) /() + 7,

letting 77 — oo, together with lim f'(n) = 0 by (3.17), we get

n—0o0

—%wa@MSS%

which implies

—=d(a,y) <.
Then the result follows from

—gd(a,y) —0 asvy—0.

Next, we discuss the properties of d(a,~) for fixed ~.
Lemma 3.25. d(a,7) has the following properties with fized ~:
(i) d(a,~) is strictly monotonically increasing in a;
(ii) d(a,7) is a continuous function of a;

(iii) lim d(a,v) = 0.

a—00
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Proof. (i) Denote f,, = f(n;a;,7v). Let f,, and f,, be positive solutions
of (3.40) and (3.42) corresponding a = aj,a = as. Suppose d(a,7y) is not
strictly monotonically increasing of a. Then it is possible to find 0 < a; < ay
such that d(ay,7v) > d(az,v) and 1y € (az,00) such that f,, (n0) = fas(10)
and fo, < fo, on (a, 1), we denote f:= fa, (100) = far (m0)-

We integrating the equation (3.40) for f,, from a; to ng and f,, from ay

to 1y, then we obtain

—omf g [ T =y 0D, (35
_ o _
ol by [ A =t D) 352)

Subtracting (3.52) from (3.51) gives

%/a:()(fm (S) - fa2<8))d8 + é /(:2 fa1(8)d8 = 5¢,<_ )[fclul (7]0> - f(lzg(nO)]~

Since fo, < fa, on (mo,a) and f,, < 0 on (ay,as), the left-hand side is

negative. The right-hand side is non-negative because f; (m) < fi (n0) at

a

no. We therefore have a contradiction. The function d(a,~y) must therefore
be strictly monotonically increasing of a.

(iii) Integrating (3.40) from a to n we get

A1 2 =~ 5 [ reas=5 (-2 - )

a

then the result follows from the fact that f’ < 0, gives —2X — f < 0. U

a

Next, we prove f is a continuous function of a and = respectively. This
result will be used to prove b(a, ) is a continuous function of both a and .
Lemma 3.26. For each fized n* > a, if [ satisfies (3.40) and (3.42), then

(i) f(n*;a,v) is a continuous function of v for fived a;
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(i) f(n*;a,v) is a continuous function of a for fized .

Proof. First we prove f(n*;a,) is a continuous function ~.
Let 0 < 79 <71 < 72 < 3. Recall the function 7(f) from the proof of
Lemma 3.21 and set 7(f) = 7(f;7;) = 7, where i = 1,2. Let n € (a,n]

satisfies 3 < 7(f) < 1 and

o (103 @, 73) — 270 < 0, (3.53)

for f(n) € [—u,0]. Then

IT(fsm) — 7(f;72)]

_ 0 /
2a 2ff (fg E?( 9)2’»'1 - fe 8?( 9)272)(19

7(s) a T Ta

T(s) a
(]. —2a72 f]? Wd@) (]_ —2a72 f}? ﬁ%de)

T(s)

0
ot 0 e¢/(—0) (fe 72;(3) — %@)ds + 2(yy — 72)>

- /f 0 1 d 271 0 1 d 272 do ’
( 0 T1(s) S T) (f@ T2(s) §— T)

since 7(f) < 1 implies 1 — 2a™2 ff deQ > 1.
0 7(s)"° a

Then we have

IT(fim1) — 7(fi2)]
0€¢’(—9)< ) el s 4 2(y, — 72))
f <f9 () M) (fe e ds — 272)
L e¢'(— < Jy m(s) — Ta(s)ds + 2(y — ’72))
! (= w) (e

since 7(f) > 1.

<2aq7?

Y

Consider the function

2\ 2
L(9;v)=<9——7> </ —ds—1)>0, —1<0<0.
a o T(9) a
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L is a monotonically increasing function of € since

L _ ) i35 — s + 2 (14 7(9)) »
00 (6 2_7_) ’

and L — 1 as § — 0. Therefore L(f(no;a,7);y) < L(6;v) < 1 when
—pu <6 <0.

We can now write

0 e
IT(fim) —7(fi72)] < Alva —m) + B/f 62%1(

o max |7(s;71) — 7(s372)|d),

where

A =16a""ged’ (— f (n0; a, 1)) [L(f (n0; @, 1)) L(f (10 @, 72))] Y,
B= 8a_2[L(f(770; a, 71))]_1[L(f(770§ a, 72))]_17

and if we set w(f) = max |7(6;v1) — 7(0;72)], then

o) < Aln =)+ 8 [ D

a

w(6)de.
Define the function

M(y) =L(f(no; a,7);7)

=(a f(no;a,7);v) —27v)" (/ f(s;a,v)ds — nof (1o; ,7)—27>

It was shown in Lemma 3.24 (i) that, since v; < 73, f(n;v) > f(n;73) on
(a,no]. Since f(n;7;) < 0, it follows that

M (vi) = (af(no; a,v3);vs) — 273) " ( 0 f(s;a,v)ds —nof(no;a,v3) — 270) > 0.

Thus it can be seen that the constants A and B are uniformly bounded for

v € Y0, 73]
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It now follows from Gronwall’s Lemma (][20, p24]) and the fact that
f(n;a,v) > f(no;a,vs), 7(f;~y) satisfies a Lipshichtz condition in « which
is uniform with respect to f € [f(no;a,vs),0] and v € [yo, 73).

The observation that 7 is continuously differentiable on [%, 1) with

or 1 _,e¢/(—f) 1 _,e¢'(=f)
8_f_§a2277_f[[1(f’7)] >§ 2%7—_]07
gives
(m0;a,72) a
17(f (03 as 1)) — 7(f(n0; @, 72); / ~( f Y1)df
77004’71
Z% _Qii ff) [f (05 @, 72) — f(mo; a, )],

by the Mean Value Theorem, for some f* € (f(no;a,71), f(1n0;a,72)). Now

we consider

[7(f (o5 @, v1);71) — 7(f (105 @, v2); v) | = |7(f (105 @, 71);72) — 7(f (105 @, 72); 72) |

<|T(f(no; a;v); 1) — 7(f(no; @, v2); v2)| = 0.

We may conclude by a similar argument to that in proof of Lemma 3.17
(ii) that when the function f(n;a,v) for n € (a,no] is Lipschitz continuous
in 7 and the Lipschitz constant is uniform in v € [y, 73], since n = 7 is not
special.

Now we prove f(m;a,7) is a continuous function when 7, > ny. We
consider in two cases.

Case A. Consider 79 > ~. First, since f’ is bounded for n > a + %, we can
choose a fixed n; such that |f(no;a,v) — f(m;a,7)| < g. We know there
exists p such that | f(no; a,v) — f(no; a,70)| < g for |v — 40| < . Then

|f(no; a,v) — f(n1;a,70)]
)

s
<[/ (nos a;v) = f o3 @, 50)| + [ (m0; @ %0) = flms a, )l < 5 + 5 = 0.
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Since 7y > 7, then by Lemma 3.24 (i) we have

f(msa, o) +0 > f(no;a,v) > flm;a,v) > flm;a, ),

so that f(m;a,v) — f(m;a,v) <dif v —v < p.
Case B. Now consider 7y < v and denote f(n;a,v) = f and f(n;a,7) = fo.
We know that

51 0) <<l (LS ), 0>

letting £ > 1 and ka < np, integrating (3.40) from ka to 7 yield

—ed/ (= F)S'(n) = 5.1 () < —e¢!(~f (ka)) ' (ka) = f (ko).

Letting n — 1, gives

~ ) < =g/ (~ (k) (ka) — f(ka). (354)

Now consider the equation for fy. Integrating from a to ka, we get
1 ka

S fotha) 45 [ fols)ds = <6 ( fo(ka)) folha) + .

we know that fo(n:) < fo(n) for n € (19, m], then

2 270

m¢’(—fo(ka))f6<ka) + (k—1)a’

Combining (3.54) and (3.55) we have

folm) < 1 folla) +

(k2—%1)a - %ﬁb'(—f(ka))f’(ka).

2 k )
Choosing k such that a < ka < n; to satisfy 0 %1) + J;)( al) < 3 For
_ a/ JR—

by (3.16). Now choose and fix k so

L folka) +

folm) — f(m) < fo(ka) — f(ka) + L —

16y
AC+ ¢?

With this k, we know there exists p > 0

ka > a—{—% we have —f'(ka) <

Wl >

2
that —=¢/(—f(ka))f(ka) <
such that for v — vy < p

fo(ka) — f(ka) <

Wl >
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Therefore f(m;a,v) — f(m;a,7) <06 if v =7 < p.

We can now conclude f(n;;a,7) is a continuous function of « for fixed
a. It can be prove iteratively that f(n;a,~) is a continuous function of 7 at
fixed n € (a, 00) with fixed a. Moreover, for fixed v, f(n;a, ) is a continuous

function of a can be proved by using the similar argument. O

The following corollary is obtained directly from Lemma 3.26
Corollary 3.27. If f satisfies (3.40) and (3.42), then

(i) d(a,v) is a continuous function of vy for fized a;

(ii) d(a,7) is a continuous function of a for fized .

Now we prove that d(a, ) is a continuous function of both a and 7 by using
Lemma 3.24 (ii) and Lemma 3.25 (ii). The proof is different and longer than

the proof of Lemma 3.19, since we consider 7 — oo here.
Lemma 3.28. d(a,7) is a continuous function of a and ~y.

Proof. If d(a,7) is continuous with a and ~, then for all § > 0 there exists
p > 0 such that if |(a,y) — (ag, )| < p then |d(a,~) — d(ag,v0)| < 9.
Case 1. For a > ag and v < 7, we choose a fixed 1o such that | f(no; ao, 7o) —

d(ag,70)| < 2. We know from Lemma 3.26 that there exists p such that

| f(no; a,v) — f(no; a, )| < & for |(a,7) — (a,7)| < %. Then

| f(m0; @,v) — d(ao,Y0)]

J

)
S‘f(n0>a77) - f(770;&7 P)/O)’ + ’f(n(h CL,")/[)) - d(a0770)‘ < 5 + 5 = 9.

Since the sequence a > a¢ and v < 7y, then we have

d(a'()v’YO) + 6 > f(770a avly) > d(aa’Y) > d(a'()v’YO)a
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then d(a,y) — d(ao,y0) < 0 as |(a,7) — (ao, Y0)| < -

Case 2. For a < ag, consider

|d(a,~) = d(ao, %)l < d(a,7) = d(ao,7)| + |d(ao, ) = d(ao, )]

Given § > 0, there exist 1 > 0 such that |d(ag, v) —d(ao, v)| < § if [y —70| <
i, by Lemma 3.27 that d(a,~) is continuous in + for fixed a.

Now considering |d(a,~y) — d(ag,7)|, we want to prove that d(a,v) is a
continuous function of a uniformly in v € [yo — p, 70 + p] for p > 0. We

denote f(n;a,v) = f and f(n;a9,v) = fo. We know that

a

—5 1) < el (F ) )

integrating (3.40) from ka to n where k > 1, we get

—ed/ (=S (m)J'(n) = 55 () < —ed/ (= (ka)) f'(ka) = 5 f(ka).

Letting n — oo, by Lemma 3.7 we have

~d(a,7) < ~ ¢! (~f(ka)) ' (ha) ~ f(ka). (3.56)

Now considering the equation of fy and integrating from aq to kag, we get

]{3(1,0 kao

B fokao) + 5 [ €€ = 6 (~folhao)) fkao) + .

and the lower bound d(ag, ) < fo and v < 7 + p then yields

% , 2(70 + 1)
T D)@ (Jolkao)) fo(kao) + =500

(3.57)

d(ag,y) < Jo(kao) +

k—1

Combining (3.56) and (3.57), we have

d<a07 ’YO) - d(CL, 7)
20+ p)  2e,

<lthan) = (k) + = folka) + 522 — (= (k) £ (ko)
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2 1 5
(]ivi_;)gz + I — 1f0(k’ao) < 3 and for ka > a+1 we

have —f'(ka) < % by (3.16), so we can have —%gb'(—(k;a))f’(ka) <

Choose k£ > 1 such that

A

g. With the choosing k£ we know that for a < ay

fo(kao) — f(ka) < fo(kao) — fo(ka) <

as |ag — a| < p.

Wl o

Therefore, we have d(ag,v) — d(a,~) < § with v € [y — 1,70 + p]. Then

for given § = 26, there exists p > 0 such that |d(ag,v) — d(a, )| < g if
@ — ap| < p with v € [0 — p, 70 + -

Case 3. For vy < 7y, we consider

|d(a,~) = d(ao, %) < [d(a,7) = d(a, )| + [d(a, %) = d(ao, )]

Given § > 0, there exist ¢ > 0 such that |d(a, v0)—d(ag,Y0)| < & if |a—ao| < p
by Lemma 3.27 that d(a,y) is a continuous function of a for fixed 7.

Now considering |d(a,~y) — d(a,70)|, we want to prove that d(a,v) is a
continuous function of v uniformly with a € [ag — p, ag + p] for p > 0. We

denote f(n;a,v) = f and f(n;a,7%) = fo. We know that

a

—5 /') < el (Fm) ()]

integrating (3.40) from ka to n where k > 1, we get

—edf (—F) (1) — 5 (1) < =20/ (— (k) f' (o) — & £ (ka).

Letting n — oo, we have

2
—d(a,y) < =—¢/(=f(ka))f'(ka) — f(ka). (3.58)
Now considering the equation of fy and integrating from a to ka, we get
k 1 ka
—holka) + 5 [ Sol€)d€ = 6/ (— folka)) fo(ka) + 0.

a
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the lower bound d(a, o) < fo yields

k 2 2

(0 70) < g olka) + 5o (= folka) fyfhe) + =5 (359)
Combining (3.58) and (3.59) we have
dfa o) = d0.7) < foka) = F{ka) + 5= foke) + = = =/ (= (k) (),
Since ag — pu < a < ag + p, we can choose £ > 1 such that M +

. (k’ — ].)CL()
2 1 )

k—lfo(ka) < (k:—l)(ZaO())—u) + k_lfo(kao—ku) <3 and for ka > a+1

i 4_7u) by (3.16), s0 —iﬁ¢'(—(ka)) f(ka) <

independently of a. With the choosing k we have

we have —f'(ka) <

Wl o

A

)
f(ka) — fo(ka) < 3 if |0 — 7] < p,

with a € [ag — u, ap + p, since f is a continuous function of ~ for every 7.

Then with given § = 24, we have |d(a,vo) — d(a, 7)| < g O

3.3 Two-parameter shooting method

In this section we will use two-parameter shooting to show that for each
Up, Vo > 0, there exist a,y > 0 such that the solution f(n;a,~y) of (3.13)
satisfies b(a,y) = Uy and d(a,~y) = —Vj.

We will use the following lemma which can be found in [15, Lemma 2.§]

and [23, p.112].

Lemma 3.29. Suppose that Ay and Ay are two connected open sets of R2,
with components (maximal connected subset) /~\1 C Ay and Ag C Ay such that

A1 N Ay is disconnected. Then Ay U Ay # R2.
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This result also applies to every subset of R? which is homeomorphic to
the entire plane [15, p.31]. We can apply it to the set (0,00) x (0,00), for

example, if we define a homomorphism ¢ : (0,00) x (0,00) — R? such that

g(x,y) = (log z,logy).

Theorem 3.30. Suppose € > 0, then there exists a unique solution f of
problem (3.13).

Proof. First we identify four “bad” sets

However, we do not have an appropriate topological lemma involving four

sets. Therefore we combine the I'; to form two new sets, as follows:

A1 — Fl UF4,

A2 :Fgurg.

It is easy to see that if (a,7) is in (0,00) x (0,00) but not in A; U Ag, then
we have a solution f(n;a,~) such that b(a,v) = Uy and d(a,y) = —Vh. Now
we want to show that A; and A, satisfy the hypothesis of Lemma 3.29.
These sets are clearly open in (0,00) x (0,00) since b(a,7) and d(a,~)
are continuous functions of a and v by Lemma 3.19 and 3.28. T’y and I’y
are non-empty since (111_I>I(1) b(a,v) = 0 and ah_g)lo b(a,v) = oo by Lemma 3.18.
Moreover, (}1_)120 d(a,v) = 0 and 711_)1[2O d(a,v) = —oo by Lemma 3.24, yielding

I's and I'y are non-empty. Therefore, A; and Ay are open and non-empty.
Lemma 3.31. The sets Ay and Ay are connected.
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Proof. In the following, we will exploit the monotonicity of b(a,7) and
d(a,7) in a and 7. First we prove that I'y, Ty, T's and T’y are each con-
nected. As an example, we prove that I'; is connected. Given two points

(a,7), (a,7) € Ay, there are two cases:

(i). @a>a and 7 > 7¥;
(ii). a > aand 5 <4

The following figures describe an admissible step path, contained in I'y, that

connects (a,%) and (a,%) in each of two cases

@n . @y

@9 @mn @v

Figure 3.1: step-path of I'; (i) Figure 3.2: step-path of I';(ii)

In Figure 3.1, if @ > a, then we have (a,%) € I'y, since b(a, ) > b(a,¥) > Uy
by Lemma 3.18 (i). It follows that the path connecting (a,4) and (a,%)
belongs to I'y, since (a, ), (a,7) € I'y and b(a, ) is monotonically increasing
in v by Lemma 3.17 (i). Similarly, in Figure 3.2, (a,7) € I'; as a > a, since
b(a, ) is increasing in a by Lemma 3.18 (i), then the path connecting (a, %)
and (a, ) belongs to I'; by Lemma 3.18 (i). We can prove by using a similar
argument that I'y, I's and 'y are each connected.

We now prove I'y N I'y and I's N I'3 are non-empty.
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For fixed a > 0, since 711_>Irolo b(a,v) = oo by Lemma 3.17 (iii) and 7h_}n;o d(a,v) =
—o0 by Lemma 3.24 (ii) , we can find ¥ large enough such that b(a,%) > Uy
and d(a,¥) < —Vy. It follows that for 4 sufficiently large, (a,¥) € I'; N Ty,
so 'y NTy # (. Similarly, given ¥ > 0, there exists @ small enough that
b(a,v) < Uy since il_r)I(l) b(a,v) = 0 by Lemma 3.18 (ii). Then choose 7 small-
er than 7 if necessary to ensure that d(a,7) > —Vp and b(a,7) < Uy since
Alyii% d(a,v) = 0 by Lemma 3.24 (iii) and b(a,~y) is monotonically increasing
in v by Lemma 3.17 (i). It then follows that (a,7) € TN T3, so Ty NT3 # 0.

Then, since I'y N Ty # (), we can always find a point belonging to I'y N Ty
that is path connected to both (a,4) € I'y and (a*,~*) € ['y, since I'; and T'y

are each connected.

7 @,y

@) @, y)

Figure 3.3: path-connectedness of Ay

For example, in Figure 3.3, the solid lines indicate that the path belongs to

105



I'; and the dashed lines indicate that the path belongs to I'y. We can find
(a,7) € I'1NTy since Iy NTy # 0. If (6,5) € Ty and (a*,v*) € ', then there
are step paths each connecting (a,%) and (a, %), (a,7) and (a*,~*), since I'y
and I'y are each connected.

Therefore, A is connected, and similarly, A is connected since I'ysNI'3 # ()

and I'y, I's are each connected. O

Now we take Al = A17 AQ = A2.
Next we will show that A; N Ay is disconnected. We have

A1 N AQ = (Fl N FQ) U (Fl N Fg) U (FQ N F4) U (F3 N F4)
Clearly I'y NIy, I's N ['y are empty.
Lemma 3.32. A; N Ay is disconnected.

Proof. For fixed v, we can find a large enough such that b(a,v) > Uy and
d(a,~) > —Vp, since algg) b(a,~) = oo by Lemma 3.18 (iv) and (}erolo d(a,v) =
0 by Lemma 3.25 (iii). It follows that for a sufficient large, (a,~v) € I'y N T3,
so I'y NT'3 # (). Similarly, given a > 0, there exits v* large enough such that
d(a,v*) < =V, since 11_)1{)10 d(a,v) = —oo by Lemma 3.24 (ii). Then choose
a* smaller than a if ne?zessary to ensure that d(a*,~v*) < =V, and b(a*,~v*) <
Up, since clllg(l) b(a,v) = 0 by Lemma 3.18 (ii) and d(a,~y) is monotonically
decreasing in a by Lemma 3.25 (i). It then follows that (a*,7*) € o N Ty, so
LynTy #0.

Therefore I'y N I'3 and I's; N I'y are non-empty and disjoint. Therefore,
A1 M Ay is disconnected since it is the union of non-empty, disjoint and open

sets. O
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Now Lemma 3.29 yields that there is a point (a,7) € (0,00) x (0,00)
which is not in Ay U Ay. Hence b(a,7y) = Uy since (a,7y) ¢ I'y UTy and
d(a,7y) = —=Vj since (a, ) ¢ I's UTy. The result then follows from Theorem
2.34 and Theorem 3.3. 0

3.4 Self-similar solutions with ¢ =0

Now we consider

) =BG, n<a (3.60)

with boundary conditions

f(0) = U, (3.61)
. . / / - (l‘/b
y}gf(n) =0, }71}1;05 (fOn))f'(n) = - (3.62)

In Lemma 3.14, we showed that for each a > 0, > 0, there exists solution
f for n € (a — 6, a) for some § > 0. For ¢ = 0, we know that f(n) = —Vj for
aVp

n > a. Then with the special choice v = %2, we obtain directly from Lemma

3.14 and Lemma 3.16 the following proposition.

Proposition 3.1. For given a and vy, there exists 6 > 0 such that for n €
(a—9,a), equation (3.60) has a unique solution which is positive and satisfies

the boundary condition (3.62). This solution can be continuous back ton = 0.

The following discussion on the behaviour of f(n) as n — 0 is analogous

to that in Lemma 3.18. Note that v = % when € = 0.

1%
Lemma 3.33. b(a) := lim f (7]; a, %) has the following properties:

n—0
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(i) b(a) is strictly monotonically increasing in a;

(i) lim b(a) = 0;

a—0

(iii) b(a) is a continuous function of a;

(iv) lim b(a) = oo;

a— o0

Proof. (i) Denote f,, = f(n;a;,7). Let f,, and f,, be positive solutions
satisfying (3.26), (3.28) and corresponding to a = aj,a = ay. Suppose b(a)
is not strictly monotonically increasing in a. Then it is possible to find 0 <
a; < ay such that b(az) < b(ay) and 1y € (0,a1) such that fo,(10) = fa,(M0)
and fo, < fa, on (10, a1), we denote f := fo,(n0) = fa, (m0)-

Integrating the equation for f,, from 7y to a; and the equation for f,,

from ng to as, then subtracting these two equations, we obtain

(a1 — ag)% 1

S = | Gte) = s 5 [ fgeras

+ &' () fay(m0) = fa, (0)].

Since f,, < fa, o0 (19,a1) and f,, > 0 on (ay,as), the first and second
term on the right-hand side are positive. The third term is non-negative
because f; (10) > fa, (10) at 9. The left-hand side is negative since a; < as.
We therefore have a contradiction. The function b(a,~y) must therefore be
monotonically increasing in a.

(ii) Let a < 1, denote N = ¢/(b(1)), we have ¢/(f) < N by (i). Then we
get from (3.60) that

{eff?w(f(n))]'}' >0,

and integrating from 0 to 7 then yields

2

[B(f(m)] > Aeir,
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where A = ¢/(b(a))f’(0) < 0. Integrating from 7 to a we get

(f(n) < —A / " s,

Now we integrate the equation (3.26) from 0 to a and obtain

3 | Feas = = daanr o)
Then —A = 20 4 %/Oa f(s)ds and the results follows from —A — 0 as
a — 0.
The proof of (iii) is similar to the proof of Lemma 3.18 (iii), note that if
a € (ao,as), then y € (%2, 930),

We can obtain (iv) directly from Lemma 3.18 (iv) since v = 42 > 0 by
Lemma 3.12. O

Now, since v can be express as a function of a, we will use one-parameter

shooting to show the existence of self-similar solution.

Theorem 3.34. Suppose € = 0. Then there exists a unique solution f of

problem (3.24).
Proof. Identify two“bad” sets

S™={al|bla) < Uy},
St ={albla) > Up}.

We use a shooting method. Clearly S~ and S* are disjoint. By Lemma

3.33 we know that b(a) is monotonically increasing, then we can find a large

enough such that b(a) > Uy since lim b(a) = oo and a small enough such
a—0o0

that b(a) < Up since lir% b(a) = 0, yielding that S~ and ST are non-empty.
a—
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Moreover, S~ and ST are open since f is a continuous function of a. In-
deed, let ap € S~ and let 8 := Uy — b(ag), then there exists p such that
|b(a) — b(ag)| < B for |a — ag| < p since b(a) is continuous by Lemma 3.33,
which implies b(a) < b(ag) + 5 < Up. A similar proof shows that ST is open.
Since S~ and ST are non-empty disjoint open sets, S~ U St # (0,00). Then
we can conclude that there exists a ¢ S~ U ST, such that b(a) = U. The
result follows from Theorem 2.34 and Theorem 3.11. OJ
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Chapter 4

The whole-line case: Problem
(1.6) and self-similar solutions

for the limit problems

In this chapter, we consider the problem (1.6) on the whole real-line. By
using similar arguments to those used in Chapter 2 in the half-line case, we
first prove the existence and uniqueness of the weak solution of (1.6) when
e > 0. We then prove some a priori bounds that will be used to study the
€ — 0 and £ — oo limits. Since the problems are now considered on R, some
alternative arguments and cut-off functions are used.

We will then prove the existence and uniqueness of the weak solution of
the k — oo limit problem and show that there exists a unique self-similar
solution that is this weak solution of the limit problem. The existence of the
self-similar solution when £ > 0 is proved by using a two-parameter shooting
methods, similar to that used in Chapter 3 in the half-line case. Note that
on the whole-line case, a, the position of the free boundary is not necessary

positive. Therefore, in the study of the self-similar solutions, we consider
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three cases: a < 0, a = 0 and a > 0. We will also prove the existence of
the self-similar solution when ¢ = 0 by a one-parameter shooting method.
In this case, v can be expressed as a function of a and V;, therefore a > 0
since 7y is positive. Our strategy takes advantage of ideas from Crooks and

Hilhorst [10].

4.1 Existence and uniqueness of weak solu-
tions for ¢ > 0

Let € > 0. Similarly to the half-line case, we use an approximate problem to

establish existence of solutions of (1.6). For each R > 1, let (4.1) denote the

problem
[ = 6(w)er — kv, (z,1) € (~R, R) x (0,T),
Vg = P(V) gz — kuv, (z,t) € (—R,R) x (0,T),
P(u)a(—R, 1) = ¢(u)e(R, 1) =0, for € (0,7),
P(v)o(—R, 1) = ¢(v)=(R, 1) =0, for ¢ € (0,T),
| u(@,0) = ug p(z), v(x,0) =vig(x), for ze(-R,R),

(4.1)

where uf ., vF . € C?(R*) are such that 0 < u* , < Uy, 0 < vf , < Vj and
0,R> YO,R 0,R 0,R

i Uy — (Uy — bz <0, i vk T xr <0,
Upp = R Yo,r = 5

g™ r 20, Vo— (Vo —ug)p™ x>0,

(4.2)

which define the functions uf z, v z on the whole real line, where the family

of cut-off functions ¢)® € C°(R*) with R > 1 are defined as
1 lz] < R,

P =
Jla+1-R) |2 2R
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and ¢! € C®(R) is a even, non-negative cut-off function such that 0 <
' (z) <1forall z € R, ¢'(z) = 1 when |z| < 1 and ¢! () = 0 when || > 2.
Now we introduce a notion of weak solution.

Definition 4.1. A pair (uf, v%) € L* ((=R, R) x (0,T))xL* (=R, R) x (0,T))
is called a weak solution of (4.1) if

(i) ¢(u]]€%)> ¢(U§2) € L2(07 T; W172<_Ra R))?

(ii) (uk, vk) satisfies

/RUOR (:rOdle—/ / ub W, dzdt
/ / o(uh), U, dadt + k / / Yubokdadt,
/ ver ¥ (z, Od$+/ / VbW, dadt
// ep(vf) \Idedt—i-k/ / Yuhohdadt,

where ¥ € C' ([—R, R] x [0,T]) with ¥(-,T)

To prove the uniqueness of the weak solution of (4.1), we use the following
comparison theorem. The proof is shown in a way similar to the proof of
Lemma 2.2, replacing the spatial domain (0, R) by (=R, R).

Lemma 4.2. Suppose € > 0 and (uf, %), (uf, vk) be such that

(a) Wy, up € C((=R, R) x (0,T));

(b) o(uk), (uf) € L*(0, T; WH*(—R, R)),
ﬂl;%wgllc%tv (b(ﬂllg%)xxy (ZS(QI;%):M € L1<<_R7 R) X (07 T))7

(c) Dk, vk € C((—R, R) x (0,7));
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(d) ¢(vk), (v)) € L*(0, T; WH*(—R, R)),
T Ukes O(TR) s @(UR)ew € L'((=R, R) x (0,T));

(uh, 0%, (uh, vl) satisfy

ﬂl;%t > (b(ﬂ];%)l"w - kﬂ%ﬂ%, Ql}f%t < ¢(gl;%)wz - /{Z?_LZQ%, in (_R7 R) X (07T)>

Ellc%t < 5¢(6]}€%>m - kﬂ];?ﬁ];%’ Q];%t > 5¢<Q§%)m - kﬂ%y}f% in (—R,R) x (0,T),

ﬂ];%(_R’ ) Z Q]}C%(_Rv ')7 gb(ﬁllﬁi)x(_R? ) S QS(Q];%)CC(_R? ')7 on (07 T),
(T)a(R, ) = ¢(up)e(R, ), 6(TR)a(R.) < d(th)o(R. ), on (0,T),
ﬂl}%(vo) ZH%(',O); ﬂl}%<70) SQ%('70)7 on <_R7 R)

Then

We obtain the following immediately from Lemma 4.2.

Corollary 4.3. Suppose € > 0. For given initial data uf p,vj g, there is at

most one solution (uk,v%) of (4.1).

Corollary 4.4. Let (uk,v%) be a weak solution of (4.1). Then we have
0 <uh(z,t) <Uy and 0<of(x,t) <Vy for (z,t) € (=R, R) x (0,T).
(4.3)

The existence of a weak solution of (4.1) is proved by an iterative method
which is similar to that in the proof in half-line case, with boundary condi-

tions Qb(u’;%)x(R? t) = ¢(ul;?,)x(_R’ t)=0.

Theorem 4.5. There erists a unique weak solution (u%, v%) of Problem (4.1)

such that()ﬁu’]i2 < U, andOﬁv%SVO.
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The following results, analogous to those in Section 2.1 will yield existence

of solution of (1.6) by passing to the limit R — oo in (4.1).

Lemma 4.6. Suppose € > 0. Then for each L > 0 there exists a constant
C(L) such that if R > L+ 1, then

/ /LH ukbokdadt < C(L). (4.4)

Proof. We recall a class of cut-off functions. First recall an even, non-

negative cut-off function ¢/ € C°(R) such that 0 < ¢'(z) < 1 for all z € R

. 1 |z <1,
¥(x) =
0 |z| >2.

Then given L > 1, the family of cut-off function ¢/~ € C*°(R) is

1 lz| < L,
el +1-L) |2 > L.
Clearly ¢~ L 4k are bounded in L®(R) independently of L.

Multiplying the equation for uf, by cut-off function ¢* and integrating
over (—R, R) x (0,T) gives that

L+1 L+1 L+1
/ / ub bt dzdt = / / LYok dadt — Yrul (z, T)dz.
—L-1

The fact that 0 < uk < Uy, together with definition of @L and Lebesgue’s

Monotone Convergence Theorem yields (4.4). O

Lemma 4.7. Suppose ¢ > 0. Then for each L > 1, ¢(u%), ¢(vk) are bounded
in L? (O T: Wk 2(]R)) independently of k and R.

loc
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Proof. This follows from the same form of argument used to show Lem-

ma 2.11, multiplying the equation for u% by ¢(uk,)i" and integrating over
ulpy

(—R,R) x (0,T). Denoting F' = / ¢(s)ds which is bounded, then we have
0

/ /L+1 B 2l dedt = /LH [F(a: T) - F(x,O)]I@Ldf

L+1
/ / %dazdt
L+1
—k / / ub )Pk ok dadt.

The results are yielded by Lemma 4.6 and (4.3). O

Recall the notion for space and time translates introduced in (2.23). The
following is the result of the gradient estimates in Lemma 4.6 and the proof
is similar to the proof of Lemma 2.12, replacing integrals over (r, L + 1) with

(—L—1,L+1).

Lemma 4.8. For each L > 0, there exists a constant C(L) such that

L+1

/ / B(Syuly) — p(ub)|2dadt < C(L)|5,
L+1

/ / o(Ssvk) — d(vh)|2dadt < C(L)|6)2.

The next result follows from arguments analogous to those used in the
proof of Lemma 2.13, replacing ¥* by ¢* and integrals over (0, R) with
(—R, R).

Lemma 4.9. For each L > 0, there exists a constant C(L) such that

T—1 L+1
/ / S(Toik) — ¢ (u)dadt < 7C(L),
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T—7 pL+1
/ / 0Tl — d(un)dadt < 7C(L)
0 —L-1

Define the family of test functions

Fr = {€€CY(Qr): &, T)=0fort e (0,T) and supp C [—J, J] x [0,T]

for some J > 0} .

Now we can establish the existence of a weak solution of the Problem (1.6)

of Q7 when ¢ > 0.

Theorem 4.10. Suppose ¢ > 0. Then for given k > 0, there exists a weak
solution (uF,v*) € (L=(Qr))? of (1.6) such that for each J > 0

(1) ¢(u) € L2(0, TsWH2((=J, 1)), ¢(v*) € L*(0, T; WhH2(—J, J));

(i) (u*,v*) satisfies

/ulg\ll(x, O)dx+// uk\lltdxdt:/ qﬁ(uk)x\llxda:dthk// TurvFdzdt,
R Qr Qr T

/vlg\ll(ac,())dx—l—// V"0, dadt = // 5¢(vk)$\11zdxdt+k:// Yurvkdadt,
R Qr T T

where ¥ € .7:"T.

Proof. Let ug g, vo,r be as in the formulation of problem (4.2) and note such
that as R — 00, ug g — uf, vor — v§ in CL(R). Then given R, — oo, it
follows from the Fréchet-Kolmogorov Theorem, (4.1), Lemma 4.8 and Lemma
4.9, that there exist a subsequence {an};i and functions u* € L>*(Qr),

v* € L°°(Qr) such that

1

UR

n

;= u”, UR,, = v* strongly in L7 (Qr) and a.e. in Qr
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as j — o0o. We know that {¢(ug,)} and {#(vg,)} is bounded in L*(0, T; W2(—J, J))
by Lemma 4.7, so taking a further subsequence of necessary, we have that as
J — 00

Olur,) — o(u) in L2(0,T5W(=J,J)),

Olum,,) = 6(F) in L0, T3 W (~J,.0)).

By the Dominated Convergence Theorem we can then easily pass to the limit

in the weak form of (1.6). O

We will use the following comparison principle to prove the uniqueness of

the weak solution of Problem (1.6), this result covers both € > 0 and € = 0.
Lemma 4.11. Suppose ¢ > 0 and let (@*,v%), (u*,v*) be such that
(a) @*,u* € L*(Qr);
(b) ¢(@"), ¢(u*) € L*(0, T; WH(R)), 1, uf, (0 ), d(u") e € LN (Qr):
(c) 7%, 0" € L™(Qr), vf, v} € LNQr);
(d) Ife >0, ¢(0%), ¢(v*) € L*(0,T; W'*(R)), ¢(0°) sz, (0*)ae € L'(Qr);

(W*, o), (uf,v*) satisfy

ﬂf 2 Qs(ﬂk)xw - kﬂkﬁka Qf S gb(ﬂk)zw - kﬂkyka in QT7
Ut < ep(0)ue — KTT, 1) > e0(0)pn — kuto", in Qr,
ﬂk(70) Zuk(ao)a Uk(ao) Syk(,o), on R.

Then

ot >uf, vt <oF in Qr.
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Proof. This follows from arguments analogous to those used in the proof of
Lemma 2.15, replacing 1= by 1~ and integrals over Sy by integrals over Q7.
OJ

We obtain the following two corollaries immediately from Lemma 4.11.

Corollary 4.12. Suppose ¢ > 0 and k > 0. Then for given initial data

uk, v there is at most one solution (u¥,v*) of (1.6).

Corollary 4.13. Let (u*,v*) be a weak solution of (1.6). Then we have

0<ub(z,t) <Uy and 0<of(z,t) <Vy for (z,t) € Qr. (4.5)

4.2 A priori bounds and existence of weak
solutions for € =0

Again we begin with some preliminary estimates that will be used to prove the
existence of the weak solution of (1.6) and to study the limit as k — oo, which
are counterparts of results in Section 2.2. Here, some different arguments are
needed because there is no longer a Dirichlet boundary condition at x = 0.
We adapt ideas and cut-off functions from [10, Lemma 2.12] to prove
the following bound of ku*v*. Note that here, ku*v* is controlled by the u*

equation on R* and by the v* equation on R.

Lemma 4.14. There exists a constant C' > 0, independent of € > 0 and
k > 0, such that for any solution (u*,v*) of (1.6), we have

/ / kuFvFdadt < C.
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Proof. Define ' € C* (R) such that 0 < 8'(z) <1 for all x € R,

. 1 zel0,1],
Bx) =
0 z€(—o0,—1]UJ2,00).
Then given L > 1, the family of cut-off functions 3L € C*°(R) are defined

by

Bt r <0,
Br(r) =<1 z e |0, L],

f(r+1—-L) x>1L.

Define g € C=(R) by f%(z) = p*(—z) for all z € R. Note that 0 <
BE(x), f4(z) < 1 for all z € R and gL, gL, BL, 5% are bounded in both
L>*(R) and L'(R) independently of L.

Multiplying the equation for u* by 8L and integrating over R x (0,t)
where ¢, € (0,77, give

/R pluk (z,to)dz + k /0 ! /R plukvFdadt = /0 ’ /R BE p(uF)dzdt + /R Blub(r)dz,

which, by the definition of %, (4.5) and uf is bounded independently of k in
L'(R™), imply that the right-hand side is bounded independently of L and
k, given the existence of C' > 0 such that for all £ > 0 and ¢, € (0,7

L+1 L+1

to
Bluk(x, to)de + k / plukvkdzdt < C, (4.6)
~1 0o J-1
and then, letting I — oo and using Lebesgue’s monotone convergence theo-

rem give

T o)
k / / uFoPdzdt < C. (4.7)
0 0

Similarly, since {v&} is bounded independently of k in L'(R™), multiply-
ing the equation for v* by AL and integrating over R x (0,t0) yields that C
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can be chosen large enough that for all L and k£ > 0, we have

1 5 to 1 N
/ Bk (x, to)da + k/ / prurvkdadt < O, (4.8)
00 0 —o0

and hence, letting L — oo yields that

T 0
k/ / uFoFdzdt < C. (4.9)
0 —00
The result then follows from (4.7) and (4.9). O
The following L'-bounds of {u*(-,t) —ui} and {v*(-,t) —v°} are proved
similar to those in the proof of Lemma 2.19.

Lemma 4.15. There exists a constant C' > 0 independently of € > 0 and
k > 0, such that for any solution (u*,v*) of (1.6), we have

||uk(~,t) —ug’|| 1) < C and ||vk(~,t) — 0 |l pwy < C. (4.10)

Proof. It first follows immediately from (4.6), (4.8) and Lebesgue’s Mono-
tone Convergence Theorem that there exists C' > 0 independently of ¢ > 0
and k£ > 0, such that

oo 0
/ u¥(x,tp)dr < C and / vM(x,tg)de < C for all to € [0, T].
0

—0o0

(4.11)

Now choose a smooth convex function m : R — R with
, 1
m >0, m(0) =0, m'(0) =0, m(r) = |r| — 5 for |r| > 1,

and for each a > 0, define the functions
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which approximate the modulus function as o — 0, and define @ = u* — Uy,
W = ¢(uF) — ¢(Up), then a(x,0) = ul — U.

Now with 3% as in Lemma 4.14, multiplying the equation of @ by mﬁx(di)ﬁL
and integrating over R x (0, %), then letting o — 0 yields

/]u z,ty) — u(x,0) ]Bde</ /\w\ﬁﬁxdxdt— / /sgn Lk dadt,

then we have

/]uk(x,to) ~ Up|Bda g/ ik (z, o) —uk(x,0)|ﬁ~de+/ ik (z,0) — Uy|Flda
R R R

g/\uk(x,O)—Uolﬁde—i-/ /|u3|ﬁfxdxdt
R 0o Jr
to B
—k/ /Sgn(w)ﬁLukvkdxdt.
0o JR

Now by Lemma 4.14, (4.5) and the fact that [|uf — ui®||r1r) is bounded
independently of k, the right-hand side is bounded independently of L and
k. So it follows that there exists C' independent of k, such that

0
/ (2, ty) — Ugldz < €, for all £ € (0,T). (4.12)

Then define © = v* — Vp, 2 = ¢(v*) — ¢(Vp), taking BL in Lemma 4.14,
multiplying the equation of & by m/ (2)3% and again integrating over R x
(0,to) gives, using a similar argument to above, that C' can be chosen large

enough that we also have that
/ Wk (2, k) — Voldz < €, for all £ € (0, T, (4.13)
0

The result follows from (4.12), (4.13) and (4.11). O]

By using the Mean Value Theorem and (4.5), we obtain the following

corollary.
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Corollary 4.16. There ezists a constant C' > 0 independently of € > 0 and
k > 0, such that for any solution (u*,v*) of (1.6), we have

lp(w*) (- to) = d(ug ) prmy <€ and  [[(v*) (- to) — d(v5) | 1m) < C,
(4.14)

for all to € [0, 7).

Next, we prove the whole-line analogue of Lemma 2.21.

Lemma 4.17. Suppose that € 0. Then there exists C' > 0, independent of
e >0 and k > 0, such that for any solution (u*,v*) of (1.6),

// )e[?dzdt < C, and 8// )e2dzdt < C. (4.15)

Proof. Let @@L be as in the proof of Lemma 4.6. Then multiplication of the

equation for u* by gZ)(uk)@ZA)L and integration over Qr gives

/ QT¢ Mplukdedt = / / ) o2 dedt + = / / ) )20k dedt

—k / . P(uP) PR dadt,

Now let F' = / ¢(s)ds, then we have

// o2 dadt </ |F(2,T) — F(x,0)|" dz + // Ok dadt
—k / . o(uP)pruF P dede.

By using (4.5), we know that

[ 1P@.T) = P04 < o010 T) = o ey + 1 = b,

(4.16)
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which is bounded by Lemma 4.15. Combining with Lemma 4.14, using
Lebesgue’s Monotone Convergence Theorem and letting L — oo implies

that there exists a constant C' > 0 such that

// )e2dazdt < C,

independently of k. If ¢ > 0, the estimate for v¥ can be proved likewise,

using the equation for v*. O

Recall the notion for space and time translates introduced in (2.23). We
now prove the estimates for the differences of space and time translates of
solutions which will yield sufficient compactness to obtain the existence of

solutions of (1.6) when ¢ = 0 and to study the k — oo limit.

Lemma 4.18. Suppose ¢ > 0 and let (u*,v*) be a solution of (1.6) satisfying
(4.5). Then there exists a function K > 0 independent of ¢ > 0 and k > 0
such that K(0) — 0 as |d] — 0, and fort € (0,T],

/R [6(u*) — $(Ss®)]| + [o(o") — 3(S50%)| dz < K (6).

Proof. Let u,v,w,z be as defined in (2.36), ug := uf — Ssuf and vy :=

— Ssuk. Let L, a > 0, 9" be the cut-off functions defined before in Lemma
4.6, and let m,, be as defined in the proof of Lemma 4.15. Then multiplying
the equation for u by ¥rml, (w) and integrating over R x (0, o), to € (0,77,

gives

/ /m w udrdt </ /ma wL xdxdt

- k/ /m;(w)@ﬁL (uFo* — SsuFSsur) dadt,
o Jr
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letting @ — 0 and by [14, Lemma 7.6] which says (2.7), we have
N to .
/¢L’u($7to) — up|dz S/ /|w| <¢L> dzdt
R 0 R T
to R
- k/ / Plsgn(w) (uFo* — Ssu®Ssv*) dadt,
o Jr
then we have
/@L\u(x,toﬂdx §/@L|u(:c,t0)—uoldx%—/lﬂﬂuo\dx
R R R
A tO ~
§/¢L|Uo|d$ +/ / fwl (¢%) deat
R o Jr zz
to N
- k/ /¢L8gn(w) (uFo* — SsuFSsv*) dadt,  (4.17)
0o JR
and similarly
N R to R
[ ittt tlds < [ ituldo [ [ (el (9) dod
R R 0 R TT
to R
- k/ / Vsgn(z) (W*o* — SeuFSev®) dadt.  (4.18)
0o JR

Adding (4.17) and (4.18) then gives
[ 9 Quta, )]+ ot
R

S/RzzL(|u0\+|vo\)d:c+/OtO/R(\w\—l—\zD(z[,Ldexdt

to R
- k/ / V" [sgn(w) + sgn(z)] (u*v* — Ssu” S50*) dzdt.
o Jr
Letting L. — o0, the fact that
[sgn(w) + sgn(2)] (u*v* — Ssu*Ssu*) > 0

together with (4.5) give that for each tq € (0,7),
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/R [u¥ (2, to) — uP(x + 8,t0)| + |07 (2, ty) — vF(z + 0,10)|dx
< /R luf () — ul(z 4+ 8)| + |vi(z) — vg(z + 9)|dz.
The existence of K is then immediate from the assumption that
lug (- +6) = ug ()l 2y + lvg (- +8) = w5 ()l 2y < w(d)

where w(d) — 0 as § — 0. O

The follows from arguments analogous to those used in the proof of Lem-

ma 2.23, replacing ¥~ by ¥F and integrals over Rt by integrals over R.

Lemma 4.19. Suppose e > 0 and let (u*, v*) be a solution of (1.6) satisfying
(4.5). Then there exists C > 0, independent of € and k, such that for any
7€ (0,7),

T—1
/ / (T, — $(ub)2dadt < 7C,
0 R

T—1
/ / |p(T0") — p(v*)|?dadt < 7C.
0 R

We can now prove a convergence result for solution (u*,v¥) of (1.6) as

e — 0.

Lemma 4.20. Let k > 0 be fived and (uf,v¥) be solution of (1.6) satisfying

(4.5) with € > 0. Then there exist (u*,v¥) € (L*(Qr))” such that up to a
subsequence, for each J >0
o(uz) = (us) in L*((0,7) x (0,T)),

ub — uf a.e. in  (0,J) x (0,7,
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G(vF) = ¢(vf) in L*((0,7) x (0,T)),
vf s of a.e.in (0,J) x (0,7),

P(ul) — ¢(a) — ¢(uf) — o(a) in L?(0,T;W"2(R)),

as € = 0, where . € C*(R) is a smooth function such that @ = ug® for all

lz| > 1.

Proof. It follows from Corollary 4.13 and 4.16 that {¢(u*) — ¢(us°)} and
{p(vF) — p(vg°)} are bounded independently of € > 0 in L?*(Q7). By Lemma
4.18 and Lemma 4.19, using the Riesz-Fréchet-Kolmogorov Theorem [3, The-
orem 4.26], yields that the sets {¢(v¥) — gzﬁ(vf)’o)}a>0 and {¢(u¥) — d(ui) }
are each relatively compact in L? ((—J, J) x (0,T)) for each J > 0. The weak
convergence of ¢(u¥) — ¢() in L? (0, T; WL2(R)) follows from the fact that
B (uF) —p(ug) is bounded independently of € > 0 in L*(Qr) together with the

£

proof of Lemma 4.17. Then we know that ¢(u¥) — ¢(u”) and ¢(vF) — ¢(vF)

e>0

almost everywhere in (—.J, J)x (0, T'), so since ¢~ is continuous, then we have
ub — o7 (d(uk)) and v¥F — ¢~ (p(vF)) almost everywhere in (—J, J) x (0, T).
U

Lemma 4.20 and Corollary 4.3 enable the following result to be established
using arguments similar to those that yield Theorem 2.26. We omit details

of the proof. Recall

Fr = {€€CY(Qr): &, T)=0forte (0,T) and supp& C [—J, J] x [0,T]

for some J > 0} .

Theorem 4.21. Let ¢ = 0 and k > 0. Then Problem (1.6) has a unique

weak solution (u*,v¥) € (L>(Qr))? such that
(i) ¢(u*) € L2(0, T;WH2((=J,J)));
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(ii) (uk,v¥) satisfies

/ ub W (z,0)dz + / / u U dzdt = / o(u*), U, dodt + k / / Wyrokdadt,
R Qr Qr T

/ bW (2, 0)dz + / / VMU dzdt = k / / YuFvFdadt,
R T T

for all U € Fr.

4.3 The limit problem for (1.6) as k£ — oo

The next result follows directly from arguments similar to those used in

Section 2.3, exploiting the whole-line estimates established in Section 4.2.

Lemma 4.22. Let ¢ > 0 be fived and (u¥,v*) be solutions of (1.4) satisfying
(4.5) with k > 0. Then there exists (u,v) € (L*(Qr))? such that up to a

subsequence, for each J >0

¢(u*) = ¢(u) in - L*((=J,J) x (0, 7)),
ub — u a.e.in  (—J,J) x (0,T),
¢(v") = d(v) in L*((=J,J) x (0,7)),
P = a.e.in  (—=J,J) x (0,7),
$(u*) — d(a) — ¢(u) — d(a) in L* (0, 7; W"(R))
and for e >0
S(v*) — 6(0) = ¢(v) — B(D) in L*(0,T; W (R))

as k — oo, where u,v € C*(R) are smooth functions such that @ = ul®, v =

vg® for all |x| > 1. Moreover

uv =0 a.e. in Qr. (4.19)
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Taking w* and w as
whi=uk —of, wi=u—w, (4.20)

we clearly again have that as a sequence k,, — oo, w** — w in L?*(Qr) and

almost everywhere in ()7, and that

The following result focus on the function u — v, which is useful on the

derivation of the limit problem.

Lemma 4.23. Let € > 0 and (u,v) be as in Lemma 4.22. Then

// (u—v)V,dadt + /(ug" — %)V (z,0)dx = // [6(u), — ep(v),] ¥, dadt,
T R T

for all U € Fr.

Proof. Multiplying the difference between the equations for u* and v* by

U € Fr and integrating over (7 gives

_ //QT(uk — "), dzdt — /R(u’g — of)U(z,0)dz = //QT [H(u), — cd(vF),] Wodadt,

the result follows using Lemma 4.22 and the fact that uf — u$® and v§ — v5°

as k — 0. O

Now recall the definition of D from (2.51) and define the limit problem

Wy = D<w)xxa in QT7
Uy, ifx<0, (4.21)
w(x,0) = wy(x) :=
-V, if x > 0.

Definition 4.24. A function w is a weak solution of problem (4.21) if
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(i) we L=(Qr),

(i) D(w) € D(w) + L*(0,T;WHA(R)), where w € C*®(R) is a smooth

function with w = Uy when x < —1 and w = —Vy when x > 1,
(ili) w satisfies for allT > 0
/wO\IJ(x, 0)dz + // wV¥dzdt = / D(w), VU, dzdt, (4.22)
R Qr Qr

for all U € Fr.

Theorem 4.25. The function w defined in (4.20) is a weak solution of
problem (4.21) and the whole sequence (u®,v*) in Lemma 4.22 converges

to (wt, —w™).

Proof. The existence of a weak solution is a straight forward consequence of
Definition 4.24 and Lemma 4.23. The fact that the whole sequence (u*, v*)
converges to (w™, —w™) follows from the uniqueness result proved in Theo-

rem 4.26 below. ]

Next, we prove the uniqueness of the weak solution of problem (4.21) for
both € > 0 and € = 0.
The following theorem can be proved by using the similar arguments to

those in the proof of Theorem 2.32.

Theorem 4.26. Let € > 0, then there exist a unique weak solution w of the

limit problem (4.21).

Note that the proof of Theorem 4.26 does not apply in the case € = 0, since
D(wy) —D(ws) = 0 for wy, wy < 0. We therefore need an alternative method
to prove the uniqueness of weak solution. The next follows from arguments

analogous to those used in Theorem 2.33, replacing spatial domain R* by R.
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Theorem 4.27. Let e > 0 and consider two solutions w,w of problem (4.21)

with nitial data wy,wy respectively, then

// |lw — w|dxdt < C(T)/ |wo — Wo|d, (4.23)
T R

and there ezists at most one solution of problem (4.21) for given initial func-

tion wy.

By Theorem 4.25, Theorem 4.26 and Theorem 4.27, we obtain the fol-

lowing.

Theorem 4.28. Let € > 0, then there exists a unique solution w of the limit

problem (4.21).

Next, we will prove that (4.21) has a self-similar solution, which is the
unique solution, since we proved the uniqueness of the weak solution of (4.21)
in Theorem 4.28. As in the half-line case, we can identify the limit w as a
certain self-similar solution both when € > 0 and when € = 0. We first state

the analogue of Corollary 3.2.

Proposition 4.1. Let w be the unique weak solution of problem (4.21). Sup-
pose that there exists a function B :[0,T] — R such that for each t € [0,T]

w(z,t) >0if z < p(t) and w(z,t) <0if z > B(1).

Then if t — B(t) is sufficiently smooth and the functions u := w™ and

v = w~ are smooth up to ((t), the function u,v satisfy one of two limit
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problems, depending on whether e >0 ore =0. If e > 0, then

(

U = A(U)a, in {(z,t) € Qr:z < B(t)},
v =0, in {(z,?) € Qr: 2 < B(H)},
v = £P(V) g, in {(z,t) € Qr: x> p(t)},
w=0, in {(z,t) € Qr:a > B)},
Jim u(r.)=0= lim (1) for each ¢ € [0, ],

lim ¢lu(x,t)], = —c lim olv(x,t)|, for each t € [0, 7],
lim ofu(e. 1)), = —¢ lim olo(a,t) 0.7)

u(-,0) = ug°, in R

v(+,0) = vg°, in R,

\

(4.24)

whereas if € = 0 and we suppose additionally that f(0) = 0 and t — B(t) is

a non-decreasing function, then

U = () g, in {(z,t) € Qr:x < B(t)},
v =0, in {(z,t) € Qr:z < B(1)},
v =V, in {(z,t) € Qr: x> B(1)},
w=0, in {(x,t) € Qp: x> B(t)},
Jim u(z,1) =0 for each ¢ € [0, T, (4.25)
Vo' (t) = — z%&) ¢lu(x,t)],  for each t € [0,T],
u(-,0) = u, in R
L v(-,0) = v, in R,

where §'(t) denotes the speed of propagation of the free boundary f(t) and we
suppose that f(0) =0 and t — B(t) is a non-decreasing function.
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4.4 Self-similar solutions for the limit prob-
lems

In this section, we will prove that if we have a self-similar solution of (4.29),
then it is a weak solution of (4.21).
The following results will be used to prove that if there is a self-similar

solution, then it is a weak solution of (4.21) and will be useful later in Chapter

D.

Lemma 4.29. If f satisfies (4.32) and boundary condition (4.33), (4.54),
then for n < min{a, 0} we have

<2

o) — o <G [ " s, (4.26)
where

—¢'(£(0))f'(0), if a>0,
v, if a <0.

G —

Proof. Denote N = ¢'(Uy), we have ¢'(f(n)) < N. Then we get directly
from the equation of n for n < 0 that

—S B = [o(F )",

2
then multiplying by eiv we get
n? !
{F o} <o (27

for n < 0 < a, integrating from 7 to 0 yields

2

[G(f () = Cer,
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where C' = ¢/(f(0))f'(0) < 0. Integrating again from —oo to n we get

¢@W—¢UWDS—C[WM§@.

Similarly, for n < a < 0, integrating (4.27) from 7 to a yields

[o(f ()] = yev.

Integrating again from —oo to 1 we get

n _s2
eIN ds.

¢w&—¢UW»§7/

—00

We can get similar estimates to those in Lemma 4.29 for comparison
of ¢(f) to ¢(Vp) as n — oo together with Lemma 3.8. Then we have the

following corollary.

Corollary 4.30. If f satisfies (5.2), then f converges to Uy, —Vy exponen-

tially as n tends to —oo, 00.

Proof. We know from Lemma 4.29 that, for n < 0

n 2
e?'Wo) ds, (4.28)

$)(h— J0) <G [

for some 7 such that f(n) < s < Uy. Since f(n) — Uy as n — —oo, there
exists a 1y < —1 such that f(n) > % as 1 < no. Then we have if n < ng,
¢'(s) > ¢'(L), because 2 < 1 < Up. It follows from (4.28) that for n < ng

G n =5 _n
e4’(Uo) ds < Ke'Wo)
7 -

2 —00

Up— f(n) <

h K — 4G¢/(U0) .
where ()
The proof for f converges to —V{ exponentially as 7 — oo can be proved

similarly. O
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Theorem 4.31. The unique weak solution w of problem (4.21) with € > 0
has a self-similar form. There exists a function f : R +— R and a constant
a € R such that

w(z,t) = f(%), (2,t) € Qr and B(t) = av/?, t € [0,T].

Denote n = = f satisfies the system

7

(= S0 @) =BG, ity <o,
— S0l () = [ (=T ) S (). ity >
i f) = Uy, i Jn) = Vi, (4.29)
}71%‘7[(77) =0 = —Krollf(n),

| lim o (fm)f'(n) = e lim ¢ (=) f'(n).

where a prime denotes differentiation with respect to 0.

Proof. The proof is similar to the half-line case, Theorem 3.3, together
with Corollary 4.30. The existence of solution of Problem (4.29) is proved in
Theorem 4.50. O

Theorem 4.32. The unique weak solution w of problem (4.21) with e = 0
has a self-similar form. There exists a function f : R +— R and a constant

a € RT such that

w(z,t) = f(—=), (z,t) € Qr and B(t) = aV't, t € [0,T].

Sl =
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X

5

Denote n = f satisfies the system

() =G ), E<a

f(n) ==V, if n > a,

lim f(n) = U, (4.30)

n——o0

lim =0,
lim f(n)

: / / _ CL_%
”l%cé(f(n))f(n)—— 5

where a prime denotes differentiation with respect to 0.

We now study the existence of a solution f that satisfies (4.29). Similar
to the half-line problem, we split the proof into two parts: n < a where
f(n) > 0, and n > a where f(n) < 0. We will also discuss the existence and
properties of Erfloo f(n) and 151010 f(n). The main difference with the half-line
case is that r?ow we need tonconsider n € R and investigate the case when
a < 0 in addition to a > 0.

We start with some preliminary results that will be used later. The
monotonicity of f follows from arguments analogous to those in the proof of

Lemma 3.4.

Lemma 4.33. Suppose ¢ > 0. If f satisfies (4.29), then f'(n) < 0 for all
n# a.

Now we prove 7 is strictly positive when £ > 0. Recall that when € > 0

y=- };{n O (fm)f'(n) = — }71}2 ' (=fm)f ().

Lemma 4.34. Suppose € > 0. Let f be a solution of (4.29), then v > 0.

Proof. Suppose v < 0, we consider in two cases, a > 0 and a < 0. When

a > 0, the proof is the same to the proof of Lemma 3.5.
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Now we let a < 0. Integrating the equation for n < a in (4.29) from 7 to

a yields

! / Csf/(s)ds =~ (Fm) S () — 7. (4.31)

The left-hand side of (4.31) is negative since n < 0 and f'(n) < 0 by Lemma
4.33 whereas the right-hand side of (4.31) is positive if v < 0 since f'(n) < 0.
Therefore, it follows by contradiction that v > 0. OJ

The following lemma proves the analogous result for v when € = 0. Recall

Ve
that in this case, 7 = li{n & (f(n)f'(n) = %.
n\a
Lemma 4.35. Suppose e = 0 and let f be a solution of (4.30). Then a,~ > 0.

Proof. We know from the proof of Lemma 4.34 that v > 0 when a < 0, since
the proof when a < 0 only involved the equation (4.31) for n < a. However,
when € = 0, the fact that v = “TV" > 0 contracts a < 0. In conclusion, if f

satisfies (4.30) when € = 0, both a and ~ are positive. O

4.5 Self-similar solutions with ¢ > 0

4.5.1 f >0 case for n<a

First we consider f that satisfies the equation

) =BG, n<a (4.3

At the boundaries we require

lim f(n) = Uy, (4.33)

nN——00
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lin f() =0, lin o/(/ ) (n) = =7, (4.34)

where a and v > (0 are constant.
In fact, we can get some results when a < 0 from the half-line problem

by a change of variables. We define

—g(—n) == f(n), (4.35)
denote a = —a and 7 = —n, we get
50/ () = [0/~ ())g' )]

From the previous results in half-line case, we know immediately that:
the solution f exists is unique locally in a left-neighbourhood (a — §, a) of a
when a > 0, and it is monotonically decreasing. By the change of variables
(4.35), we know from Lemma 3.21 and 3.22 that solution f exists is unique
locally in a left-neighbourhood (a — §,a) of a when a < 0.

We therefore have the following lemma, for which it remains to prove the

local existence and uniqueness of the solution f when a = 0.

Lemma 4.36. For given a € R and v > 0, there exists § > 0 such that in
(a—0,a) equation (3.40) has a unique solution which is positive and satisfies

the boundary condition (4.34).

Proof. The proof for a = 0 is similar to the proof of Lemma 3.14 and 3.16.
If a = 0, integrating (4.32) from 7 to a yields

)
f(n) fof sf'(s)ds + 2y

(4.36)

We now treat n as a function of f, writing n = o(f), then (4.36) takes the

form

do _ 2¢/(f(n))
df fof o(s)ds + 2y
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Integrating from 0 to fgives

[0
(f) = 2/0 fo"a(s)ds+2fyd9’ (4.37)
and if we set
7(f) = —o(f) = —n,
then (4.37) becomes
I )
(f) = 2/0 By 27d9. (4.38)

Now we denote by X the set of continuous functions 7(f) on [0, u], satisfying

0 < 7(f) <3, and || - || the supremum norm on X. Then X is a complete
metric space. Choose p small enough that © < 27, on X we introduce the

map

[ ¢'(6) “o'(0)
M(7)(f) _2/0 _IOGT(S)dS+27d9g 2/0 o,

It is clear that M (7)(f) is well-defined, non-negative and continuous. More-

over, M(7)(f) < 1 if

" '(0) 1
/0 —Cdo< g (4.39)

Therefore, if p is chosen small enough that (4.39) is satisfied, M maps X
into itself.
We wish to ensure that M is a contraction map, so let 7, € X, we

have for chosen p < 2
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~ ! ¢(0) Jy I(s) — ma(s)|ds
1M(r) = M (7)] S2/0 = [T (s)ds + 29][— [} 7a(s)ds + 27]

woq
§2/ AU LT
0 7
bl
§4/ YO dor, — 7],
0 i

and it follows that M is a contraction map if

" ¢'(0)
4/0 —do <1

do

This constitutes our third restriction on p, which implies the first one (4.39).

The result follows from a contraction mapping principle [12]. O

We know that if @ > 0, the local solution in Lemma 4.36 can be continued
back to n = 0 from Lemma 3.16 in the half-line case. The following bound for
1/(0) ensures f can be continued back a little bit from 0 by Picard’s theorem
and the fact that f(0) > 0.

Lemma 4.37. Ifa > 0, f satisfies (4.32) and the boundary conditions (4.33)

(4.34), then
: af(0) + 2y
=55 0) A
Proof. Integrating (4.32) from 1 to a we get
SF) = = = (F)f (m), (4.41)

Now let n = 0 we have

) af(0) + 2y
PO =550y
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In order to show that the unique local solution in Lemma 4.36 can be
continued back to n = —oo by the Global Picard Theorem, we will prove
some estimates for — " and f.

The following lemma proves the boundedness for f in three cases: a > 0,

a=0and a <0.

Lemma 4.38. If f satisfies (4.32) and the boundary conditions (4.33) and
(4.34), then we have for fized a,y, there exists K > 0 such that0 < f(n) < K

for alln < a.

Proof. Case 1. For a > 0, first we consider n € [0,a), from (4.41) we
know that

(4.42)

integrating (4.42) from 0 to n gives

REIORNY,
Ty TR

then f(n) < f(0) is bounded for 0 <7 < a, since f is monotonic decreasing
in n.
Next we consider n € [—2p, 0) for some positive p. Integrating (4.32) from

1 to 0 we have

¢'(f(0))/(0) = &' (f(m)f'(n) <0, (4.43)

then integrating (4.43) yields

¢(f(m) < 6(£(0)) +2p¢'(f(0))£(0).
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Then for n < —p, integrating (4.32) from 7 to —p we get

g/np f'(s)ds = ¢ (f(=p)) f'(=p) — &' (F () f'(n),

so since [’ < 0, we have

L1 = & (Fm)f'(n) < EF(=p) = S (F(=p))f (=p).

therefore f(n) < K for fixed a,~ and all n < a.

Case 2. For a = 0, the same proof can be used as in a > 0 case, with

¢(f(m) < 2py for n € [=2p, a).
Case 3. For a < 0, if n € [-2p, a), integrating (4.32) from 7 to a we have

—(o(f(n))" <, (4.44)

then integrating (4.44) from 7 to a gives

o(f(n) < (a+2p)y.

For n < —p the proof is the same as a > 0. 0

Next, we prove the boundedness for —f” in three cases: a > 0, a = 0 and

a < 0.

Lemma 4.39. If f satisfies (4.32) and the boundary conditions (4.33) (4.54),
then for fived a,~, there exists K such that 0 < —¢'(f(n))f'(n) < K for all

n<a.

Proof. For all a € R, first consider € [—2p, a) for some p > 0. Integrating
(4.32) from 71 to a we have that —¢'(f(n))f'(n) < v+ K(a + p), where K
is positive constant that f(n) < K, by Lemma 4.38. Then for n < —2p, we

know that —¢/(f(n)f'(n) < —¢/(f(~20))f'(~2p) < K for fixed a,y. O
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The following lemma follows from by Lemma 4.38, Lemma 4.39 together

with [6, Theorem 1.186].

Lemma 4.40. For given a,~, the unique local solution in Lemma 4.36 can

be continued back to n = —oo.

Now define

b(a,) = ltim_f(n;a,7),

where v = —7171}{11 &' (f(n)f'(n) with v > 0. Note that we use the same
notation b(a, ) as in the half-line case, but here b(a,y) define as the function
of f(n;a,7) as n — —oo rather than n — 0.

We can obtain from Corollary 3.20, Lemma 3.26 and the change of vari-

ables (4.35) that f is a continuous function of a and ~.
Lemma 4.41. For each fizred n* < a, if [ satisfies (4.32) and (4.34), then
(i) f(n*;a,v) is a continuous function of v for fized a;

(ii) f(n*;a,7v) is a continuous function of a for fized .

The following corollary follows from directly from Lemma 4.41 as n — —oo.
Corollary 4.42. If f satisfies (4.32) and (4.54), then
(i) b(a,v) is a continuous function of ~y for fized a;

(i) b(a,v) is a continuous function of a for fized .

Next we discuss the properties of b(a,y). When we study the proper-
ties of b(a,y) = lim f(n;a,7), we can see the properties of dg+(a,vy) =
n——00

lim fg+(n;a,7) in half-line case.
n—o0

143



We obtain the following from Lemma 3.7 by the change of variable (4.35).

Lemma 4.43. If f satisfies (4.32) and the boundary conditions (4.33) and

(4.34), then we have the derivative of f vanishes as n — —o0

lim f'(n) = 0.

n——00

Lemma 4.44. b(a,~) has the following properties with fixed ~y:
(i) b(a,) is strictly monotonically increasing of a;
(ii) lim b(a,v) = 0;
a—r—0o0

(iii) lim b(a,vy) = co.

a— o0

Proof. The proof for (i),(iv) is the same with Lemma 3.18.

(ii) Consider a < 0, integrating (4.32) from 71 to a we get
N 2
o <=5 [ w5 (2 rm),

then the result follows from the fact that f’ < 0, gives %7 + f <. 0

The following lemma follows from the same argument as in the proof of

Lemma 3.17 (ii).
Lemma 4.45. b(a,7) has the following properties with fized a:
(1) b(a,7) is strictly monotonically increasing in ;
(ii) lim b(a,~y) = oo;
o0

(iii) lim b(a,v) = 0.

y—0
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Lemma 4.46. b(a,) is a continuous function of vy and a.

Proof. The continuity result for a < 0 follows from Lemma 3.28 by the
change of variable (4.35). Now consider a > 0, if b(a, ) is continuous with a
and ~, then for all 6 > 0 there exists p > 0 such that if |(a,y) — (ag,70)| < p
then |b(a,~) — b(ag,v0)| < 0.

Case 1. For a < ag and 7 < 7y, we choose a fixed 79 such that | f(1o; a, 7o) —
b(a,0)| < 5. We know there exists  such that | f(no; a,) — f(m0; a,70)| < 3
for |(a,v) — (a,7)| < § by Lemma 4.41. Then

|f(7707 a, ’Y) - b(a07 ’70)|

J

1)
<[f(mo; a,v) — f(no; a,v0)| + [ f (10; @, v0) — b(ao, y0)| < B + 5= J.

Since the sequence a < ay and v < 7, then we have
b(a()?")/O) > b(%’Y) > f(7707 avfy) > b(a0770) - 67

then b(ag, v0) — b(a,v) < 6 as |(ao, %) — (a,7)| < p.

Case 2. For a > ag, consider

[b(a, ) = blao,Y0)| < [b(a,7) = blao, )| + |b(ao, 7) — blao, 7o)l

Given 6 > 0, there exist x> 0 such that |b(ag, v)—b(ao, 70)| < £ if |[y—70| <
by Lemma 4.45 (ii) b(a,~y) is continuous of + for fixed a.

Now consider |b(a, ) —b(ag, )|, we want to prove that b(a, ) is a contin-
uous function of a uniformly with v € [y — p, v + p] for g > 0. We denote
f(n;a,v) = f and f(n;a0,7) = fo. We know from above that

b(a,7) = blao,7) < f(=p) = fol=p) — %¢/(f(—P))f/(—P) - C%ﬁ(fo(-ﬂ))fé(—ﬂ)-
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We know that f’(—p) is bounded, choosing p such that —%gﬁ’(f(—p))f’(—p) —
%qﬁ/(fg(—p))f(’)(—p) < g. With this p there exists g > 0 that |a — ao| < p

N | S

f(=p) = fo(—=p) <

b

then |b(a,y) — b(ag, ¥)| < & with v € [y — 1,7 + . For given § = 24, we
get the result.

Case 3. For vy < 7, consider

|b(a,y) — bao, v0)| < [b(a,) — bla,v0)| + [b(a,v0) — blao, Y0)|-

Given ¢ > 0, there exist > 0 such that [b(a, o) —b(ao, )| < £ if [a—ao| < p
by Lemma 4.44 (iii) b(a,~y) is continuous of a for fixed ~.
Now consider |b(a,~) —b(a, )|, we want to prove that b(a,~y) is a contin-

uous function of 4 uniformly with a € [ag — p, ag + p] for > 0. We denote
f(n;a,v) = f and f(n;a,v) = fo. We know that

b(a, ) — blao, ) <F(—p) — fol—p) — §¢'<f<—p>>f'<—p>
- a%ezﬁ’(fo(—p))fé(—p)-

We know that f’(—p) is bounded, choosing p such that —%gb’(f(—p))f’(—p) -
%qb’(fg(—p))fé(—p) < g. With this p there exists g > 0 that |y — | < p

N | S

f(=p) = fo(=p) <

?

then |b(a,y) — b(a,v0)| < & with v € [ag — g, ag + p]. For given § = 25, we
get the result. 0
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4.5.2 f <0 case for n>a

Now we consider f satisfying the equation

ol ) = (—Fa )], 0> (1.15)

At the boundaries we require

Jim f(n) =W, (4.46)
};{H f(n) =0, };{H e (—=fm)f'(n) = —, (4.47)

where a and v > 0 are constants.

Following from what we studied on the positive solution, we can directly
obtain the local existence, uniqueness results and continuity forward to n =
oo of the solution f by the change of variables (4.35). As for n < a, we
know that f is a monotonically decreasing function. Moreover, we know

from Lemma 3.7 directly that lim f’(n) = 0. Similarly, if we define
T]~>00

d(a,y) = lim f(1;.a,7),

the following properties of d(a, ) are obtained immediately using the change

of variables (4.35).

Lemma 4.47. d(a,7) has the following properties with fixed ~:
(i) d(a,7) is strictly monotonically increasing in a;
(i) lim d(a,) = 0

(iii) d(a,~) is a continuous function in a ;

(iv) lim d(a,vy) = —oc.

a——0o0
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Lemma 4.48. d(a,v) has the following properties with fized a:
(1) d(a,7) is strictly monotonically decreasing in -,
(i) d(a,v) is a continuous function in ~y.
(iii) lim d(a,7y) = —o0.
o0

(i) lim d(a,) = .

Lemma 4.49. d(a,~) is a continuous function of v and a.

4.5.3 Two-parameter shooting method

Similarly to the half-line case, we will use a two-parameter shooting method

to prove the existence of a self-similar solution of problem (4.29).

Theorem 4.50. Suppose € > 0, then there exists a unique solution [ of

problem (4.29).

Proof. First we identify four “bad” sets

Now we combine the I'; to form two new sets: A; = '1UTL'y, Ay = L UT;.
We show that A; and A, satisfy the hypothesis of Lemma 3.29 in the same
way as half-line case, replacing }IILI(I) f(n;a,~) with nEer f(n;a,v). We will
apply Lemma 3.29 to the set R x (0, 00), which is homeomorphic to the entire

plane, for example, if we define a homeomorphism ¢ : R x (0, 00) — R? such

that g(z,y) = (z,logy).
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These sets are clearly open in (0, c0) x (0, 00) since b(a, ) and d(a, ) are
continuous function of a and v by Lemma 4.46 and 4.49. Moreover, Lemma
4.44 and Lemma 4.47 yield that I'y,I'5, '3, 'y are non-empty. Therefore, Ay
and A, are open and non-empty.

By using a similar argument to that in the proof of Lemma 3.31 in the
half-line case, together with the monotonicity of b(a,~) and d(a,~), we can
prove that I'y, 'y, '3, Ty are each connected and I'y N Ty # 0, Ty N T3 # ().
Then, we can find (a*,7*) € 'y NIy that connects (a,%) € 'y and (a,7) € T'y
since I'y,I"y are each connected. Therefore, A; is connected, and similarly,
Ay is connected.

Next we will show that A; N Ay is disconnected. We have
AMNA =T NTy)u T NT)Uu(Tenly)u((TznTy).

Clearly I'y NIy, I's N ['y are empty.

By using the similar argument as in the proof of Lemma 3.32, together
with Lemma 4.44, 4.45, 4.47 and 4.48, we can prove that I'y NT'3 and ['y NIy
are non-empty and disjoint. Therefore, Ay N Ay is disconnected since it is
union of non-empty, disjoint and open sets.

Then Lemma 3.29 yields that there is a point (a,%) € R x (0, 00) which
is not in A; and Ay. In conclusion, b(a,y) = Uy since (a,7) ¢ I'y U Ty,
d(a,”) = —Vy since (a,7) ¢ I's UTy. The result then follows from Theorems
4.28 and 4.31. 0

4.6 Self-similar solutions for ¢ = 0

Now we consider

—snf'n) = )M, n<a (1.15)
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with boundaries required

lim f(T]) = U(),
n——00

lim f(n) =0, (4.49)

n/'a
aVy

71]1;1% o' (fm)f (n) = 5

For ¢ = 0 case, we know that f(n) = —V; for n > a and v = 22 which are
the same as in the half-line case. Note that when ¢ = 0, a,~ are positive
by Lemma 4.35. Since we showed that for each a € R,y > 0, there exists
solution f for n € (a — d,a) for some § > 0, then there exists a solution of
(4.48) on interval (a — 6, ). By Lemma 4.40 we know that with v = %2 the
solution f can be continued back to —oco. Same as for the ¢ > 0 case, we

know that f is a monotonically decreasing function.

Now define

b(a): = lim f(n;a,a—vo).

n——00 2

Note that we use the same notation b(a) as in the half-line case, but here
b(a) define as the function of f(n;a) as n — —oo rather than n — 0.
In order to prove the existence of similarity solution by using the param-

eter shooting, we first deduce the following properties of b(a).
Lemma 4.51. b(a) has the following properties:

(i) b(a) is strictly monotonically increasing in a;

(ii) (lll_r{(l) b(a) = 0;

(iii) b(a) is a continuous function of a;

(iv) lim b(a) = oo;

a—r o0
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Proof. We obtain (i), (iii) and (iv) directly from Lemma 3.33 and 4.44
replacing v with “—;/0, note that we can do that since v is positive and is
increasing in a. Now we want to prove (1113(1) b(a) =0 as a > 0.

Let a < 1, denote N = ¢'(b(1)), we have ¢'(f) < N by (i). Then we get
directly from the equation of ) for n < 0 that

GO HONE

2
then we multiplying the inequality by e~ and integrating from 7 to 0 yields

where A = ¢/(f(0))f’(0) < 0. Integrating again from —oo to 0 we get

0 2
—_s_
e N ds.

o(b(a) < S(F(0)) — A /

—00

Integrating the equation (4.48) from 0 to a yields

1/ aVy , ,
3| Fon =5 - st

Then we have

—A:a—VO—i-l/ f(s)ds — 0 as a — 0.
2 "2,

0 _2 0 2
Therefore ¢(b(a)) < ¢(f(0)) —A/ eivds — 0 as a — 0, since / eIV <
o0 and G(f(0)) — 0 as a — 0 by Lemma 3.18 (i) and ¢(0) =0. O

Similarly to Theorem 3.34, we now prove that for some a > 0, there exists

a solution satisfying (4.48) by using a one-parameter shooting method.

Theorem 4.52. Suppose € = 0, then there exists a unique solution f of

problem (4.30).
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Proof. Identify two “bad” sets

ST = {a|b(a) < U()},
St ={al|bla) > U,}.

Clearly S~ and ST are disjoint. By Lemma 4.51 (ii) and (iv), we know
that S~ and S* are non-empty. Moreover, S~ and ST are open. Indeed, let
ag € S~ and let 5 := Uy—b(ap), then there exists p such that |b(a)—b(ag)| < B
for |a — ap| < p, since b(a) is continuous by Lemma 3.33, which implies
b(a) < b(ap) + f < Up. A similar proof show that ST is open. Since S~ and
St are non-empty disjoint open sets, S~ U ST # R. Then we can conclude

that there exists a ¢ S~ U ST, which yields b(a) = U,. O]
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Chapter 5

Self-similar solutions with

special ¢'(f) = f™~! with m > 1

The choice of ¢ satisfying (1.2) and (1.3) plays an important role in the
characterisation of rates at which one substance invades another of the system
(1.6). For concreteness, we consider the specific family that is motivated by

porous medium equation
¢'(w) = w™™! (5.1)

with m > 1, which satisfies the conditions (1.2) and (1.3).
The form of self-similar solution of the limit problems with nonlinear
diffusion w(x,t) = f(n) is exactly same as in the linear diffusion case where

- is independent of the choice of ¢. We are interested in how the free

=
boundary is affected by m, in the other words, the relationship between m
and a, where a gives the position of free-boundary because f(a) = 0. In the
following section, we will explore the self-similar solution f,,(n) = f(n;m),

in particular, how the value a depends on m.
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5.1 The whole-line case with ¢ > (

First we consider the whole line case with the specific choice of ¢'. For € > 0,

the problem satisfied by f is

- %nf’(n) = [ )] if —oco<n<a,
Bl %Wf’(n) =e[(=H"" ) f )], if a <n <o,
ngr_noof(n) =Up, lim f(n) =W, (5.2)
};%f(n) =0= —}Ii{‘%f(n%

| lim fr ) f () = & lim (= )" ) £ (),

whereas for € = 0, the problem satisfied by f is

(

P ) =), i o<y <a,
fn) =V, if a <n<oo,
i f(n) = Uo, (5.3)
Lim f(n) =0,
i ) = =55

where a is positive.
Recall f..(n) = f(n;m;), denote a,,, be the position of free boundary
where fo.(am,) =0, and v,,, = — gm foi=t(n) fr, ().
"

my
my

Consider f,,, and f,,, satisfy (5.2) with m; # ma, we will deduce some

results about intersection of f,,, and f,,.

Lemma 5.1. Suppose .y < Qmy, if fin, and fm, satisfy (5.2), then we have
(i) fore >0, there exists some ng € R such that fu, (M0) = fm,(Mo);
(ii) for e =0, there exists some Ny < Ay, Such that fu, (M) = fim,(Mo)-
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Proof. (i) For € > 0, suppose there exists no 7y such that f,, (10) = fin,(10)-
Then we must have f,,, < fi,, for all n € R since a,,, < ay,-
We need to consider both equations that are satisfied by f for a given m,

depending on whether f >0 or f <0

= 5nf ) = 1" ) f () ifn<a,  (54)
— S ) = £l ) ifn>a  (55)

If f,,, and f,,, are solutions of (5.4) corresponding to m; and my, then we

integrate (5.4) from 7 to a,,, a;,, and obtain

ELIYING / Fon (8)ds =~ — FTN )L () (5.6)
EEIYINC / Fos (8)5 =~y — F2N ) (). (5T)

Subtracting (5.6) from (5.7) and letting n — oo we have

K 5 (Fonn(7) — Fona (1)) + / T () — ()] ds + / T fas)ds

n——00 2

=VTm1 — Tma>

since lim f’(n) =0 by Lemma 4.43. We know that lim 7 (Uy— f(n)) =0
n——00 n——00
by Corollary 4.30, since f converges to Uy exponentially, which yields

lim 7 (fon, () = Fna () = — M 9T = fny () + Ym 0(Vo = fin, (0)) = 0.

n——00 n—r—
Then we have

1

5 /0:11 [fm2(5) - fm1 (3)] ds + /am:n2 fm2 (S)ds = Ym1 — Yma- (58)

We know that the left-hand side of (5.8) is positive since f,, < fm, for

N < Q.
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Similarly, integrating (5.5) from a,,, , @, to 7, subtracting the two equa-

tions and letting n — —oo yield

1 [ m2
3 [ U = fl st [ s = = (59)
Ay am,
The left-hand side of (5.9) is negative since f,,, < fim, for 1> ap,.
Note that for given m, a,, and 7,, are uniquely determined by U, and
Vo. If @y, < apmy,, we need to consider all possible ordering of v,,,, Ym,, since
when € > 0, it is not clear whether v, > Yy, Yy < Yy OF VYmy = Vimg -

In conclusion, for a,,, < a,,, we have

(a) if Yy < Yimy, the right-hand side of (5.8) is negative, then we obtain a

contradiction and therefore there must exist some 1y < a,,, such that

fm1 (770) = me (770);

(b) if Yy, > Ym,, the right-hand side of (5.9) is positive, then we obtain a

contradiction and therefore there must exist some 7y > a,,, such that

fm1 (770) = fmz (7]())‘

(¢) if Ymy = Yimy, the right-hand sides of (5.8) and (5.9) are both 0, then
we obtain a contradiction with both (5.8) and (5.9) and therefore there
must exist some 1, < @, and 1y > a,,, such that f,, (7;) = fi,(7)

where 1 = 1, 2.

(ii) We use a similar proof as in (i). For ¢ = 0, suppose there exists no
Mo < G, such that fr,, (1) = fim,(m0). Then we must have f,,, < fn,, for all
n € R since ap,, < -

We consider

— ) =), n<a (5.10)
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with v = %2 If f,,, and f,, are solution of (5.10) with corresponding

mq, me, then, integrating the equation of f from 7 to a,,,, am,, subtracting

the equations and letting n — —oo yields

aml % a’mz %

1 amy Amy
3 U @t [ s = T g

We know that the left-hand side is positive since f,,, > f, for n < a,,,. For
Um, < Gpm,, the left-hand side is negative, then there is a contradiction, then

there must exists 7y < a,, such that f,,, (n0) = fim,(M0)- O]

5.1.1 Results in the special case Uy, V) < 1 and m > 2

The following results will proved by using contradiction arguments that rely
on |f(n)] < 1, which is ensured by imposing the additional conditions that
Uy, Vo <1 and m > 2.

First, we consider all possible orderings of V.., Vm, When a,, < amn,,
namely Vi, > Yimg, Ymi < Ymas OF Ym; = Ymy, and then prove the relationship

between a and m in each case.

Lemma 5.2. Let fp.,, fm, satisfy (5.2) with corresponding my,ms > 2 and

Uy, Vo < 1. Suppose a,, < @p,. Then we have

(i) Tma # Tmas
(1) if Yy < Ymy, then my > my;

(111) if Yy > Ymy, then my < may.

Proof. We know from the proof of Lemma 5.1 that in the whole line case,

for a,,, < a,,, then
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(A) if Ym, < Ymy, then there must exist some 7y < a,,, such that f,, (n) =

Jima (10);

(B) if Yim, > Yim,, then there must exist some 79 > a, such that f,,, (ny) =

fma(M0);

(C) if Ym, = Yim,, then there must exist some 1, < a,,, and 1y > a,,, such

that fml (772) = fmz (771)7 where ¢ = 1a 2.

The results are proved by considering different cases as above. We begin by

proving (ii) and (iii) by looking at (A) and (B).

(A) Suppose ap, < m, and Y, < Ym,, then there exists 7 < a,,, closest

to @y, such that f,, (m) = fim,(m). Integrating (5.4) from 7y to a,,, and a,,,

we get
1 1 m mi—1 /
~gm )+ 5 [ Fa(S)ds = =, = TN, (), (5.11)
m
1 1 a2 mo—1 /
3 )+ 5 [ Fma(s)ds = = = 2 )y (). (5.12)

m

Subtracting (5.11) from (5.12) we have

! / " () = fun ()] ds + / ™ Fona(5)d5 4 Yong — Yo

2/,
=L ) [y (1) = f2 ™ () fry (1) (5.13)

The left-hand side of (5.13) is positive since f,,, > fmn, for n € (m, am, ), then

we get
St ) oy (m) = frz ™ () frny () > 0.
The fact that —f;, (m) > —f,,(m) > 0 gives

) < e ).
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Therefore, if 2 < my < mg, we have f,, (1) = fm, (1) > 1 which is impossi-
ble since Uy < 1 and f is decreasing, this proves (ii). Note that if m; > ma,

we have f,,,(m) = fm,(m) < 1, which does not contradict Uy < 1.

(B) Suppose a,, < G, and v, > Ym,, then there exists 17y > a,,, closest
t0 @y, such that fi, (m0) = fin, (72)-
Integrating (5.5) from a,,, and a,,, to 7, we get

1

b () 5 [ ()5 =+ 2= o)™ ) 2), (514)
1

a4 5 [ Fa$)d5 = s 2= )™ )y ). (5.1

[lm2

Subtracting (5.15) from (5.14) we have

a

1

n2 m2
3] U@ = oot [ (5105 430

amy

:5( - fml)ml_l(%)ﬂu(%) - 5( - fmz)mQ_l(n2>fr/ng(772)' (5-16)

The left-hand side of (5.16) is negative since fy,, > fn, for n € (am,,n2),

then we get

( - fml)m1_1(772)fr/n1<7]2) - ( - fm2)m2_1<n2)f7/ng (172) < 0.

The fact that 0 < —f;, (m2) < —f;,,(12) gives

(= Fo)™ ") > (= f)™ " (2).

Therefore, if 2 < my < my, we have f,,(12) = fm,(m2) < —1 which is
impossible since —Vy > —1 and f is decreasing, this proves (iii). Note that
if my > my, we have f,,, (m2) = fm,(m2) > —1, which does not contradict

Vo < 1.

(C) Suppose t,,, < Ay and Yo,y = Ymy, then there exist n; < a,,, closest to
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A, and g > a,y, closest to a,,, such that f,, (7;) = fim,(n;) where i = 1,2.
Similar as in (A), if we integrate (5.4) from 7; to @y, am, and subtract two

equations we get

% /77 m [fma(8) = finy ()] ds + / mm Fny (5)ds (5.17)
= Fat 7 Hm) Fy (m) = 2™ () fy (1) (5.18)

Since the left-hand side of (5.18) is positive, we have f7~1(n;) < fm2=1(n,),

mi m2

yields ms < m;. The estimate for 7, is the same as in (B), we have

1

3 o) = st [ g0

= (= fon)"™ T ) o, (02) = (= fong) ™ (112) fly (12)- (5.19)

We have my > my since the left-hand side of (5.19) is negative. There is a

contradiction, so it is impossible that 71 = 72 as ay,, < @, - O

Next we will study how the behaviour of f close to —oco and oo de-

pends on m by looking at the point 7y closest to —oo and oo such that

fml (770) = fmz (770)

Lemma 5.3. Let f,,, fm, satisfy (5.2) with corresponding my, ms > 2 and
Uo, Vo < 1. Assuming there do not exist sequences of intersection points of

fmys fmy tending to —oo, 00 and suppose G,y < A, then we have

(1) if Yy, < Vimg, then my > my and there exist 1 < 0 such that f,,, (n) >

Sma () for m <9);

(11) if Yy > Yimg, then my < mo and there exist 1 > 0 such that f,, (n) >

fma (1) for > 1.
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Proof. (i) First note that by Lemma 5.2, my > m, and the proof of Lemma
5.1, there exists 77 < a,,, such that f,,, (1) = fm,(n). Let 7 < an, be the
intersection point of f,,, fm, closest to —oo, that is f,, (1) = fm,(77) and
i () 7 foma () for 1 < 1).

Integrating (5.4) from 7 to 7 we get

7

SR UR Y O
=(fou)™ " ) (50 = ()™ () 1, (), (5.20)

— s + nhal) + 5 : Fna(s)ds
=(fa)"™ 7 ) F1ny () = ()™ (1) Fry (). (5.21)

Subtracting (5.21) from (5.20) and letting n — —oo we have

1

5 /773 [fm1 (S) - fm2(8)] ds = (fml)ml_l(nfS)fwlq@l (773) - (me)mQ_l(7]3)](7/712(773)7

(5.22)

by Lemma 4.43 and Corollary 4.30, f converges to U, exponentially, which

yields

lim 73 (fon (1) = fma (7))

73— —00
=—- 7731_1)1{100 3 (Uo - fm2<773)) + n31_i>I§OO 73 (Uo - fm1<n3>) — 0.

We have (fml)ml_l(ﬁ) < (fmz)m_l(ﬁ), since Uy < 1 and f is decreasing,
80 fml(ﬁ) = fﬂ’@(ﬁ) < 1 and m; > mo. Suppose that fm1(n) < fm2(77)
for n < 7, then the right-hand side of (5.22) is positive since —f;, (n3) <

1 [
—f}.,(n3), which contradicts 5/ [fni (8) = fmy(s)]ds < 0. Therefore,
Jmi () > finy(n) for n <.
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(i) First note that by Lemma 5.2, ms > mq, and by the proof of Lemma
5.1, there exists 7 > a,,, such that f,,, (7) = fm, (7). Let 7 > a, be the

intersection point of f,,, fm, closest to oo, that is f,,,(7) = fm,(7) and

S () # fms () for 1 > 7).
Integrating (5.5) from 7 to n we get

_%nfrm( )+ nfm1 /fm1

—( - fml)”“(n)f;l ) —e(— fu)™ @ o (@), (5.23)
—%Tlme( )"’ 77me /fmz

=6(—fm2)m2_1(77)f£12(77) e(= fna) ™ () 1y () (5.24)

Subtracting (5.23) from (5.24) and letting n — oo we have

1 o
3 Unas) = f (o

—e( = foud)™ ) o, (1a) — (= Fona) ™ (0a) £, (), (5.25)

by Lemma 4.43 and Corollary 4.30, f converges to —V; exponentially, which
yields

i 1 (o (10) = Fe (1)

= lm n4(frn, (a) + Vo) — Em n4(frn,(n4) + Vo) — 0.
N4a—r00 N4—>00

We have (= fiu, )™ 17) > (= fmy)™2 (7)), since Vi < 1 and f is decreasing,

O (_fm1)< ) ( fm2>( ) <1 and mg > mjy. Suppose that fml( ) < me(n)
for n > 7, then the right-hand side of (5.25) is negative since —f/ (1) >

mi

1 o0
— [, (1), which contradicts 5/ [fms(8) = fm,(s)]ds > 0. Therefore, f,,, (n) >

7
fimz () for 1 >1). O
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We can obtain the following results when € = 0 by using the fact that
v = “7‘/0 In the following result, we only study the positive solutions f(n)
for n < a, so we consider 0 < Uy < 1 and V;; > 0. Note that the relationship
between a and m tells us how the speed of one substance penetrating into

the other is affected by m.

Theorem 5.4. Let ¢ = 0 and Uy < 1, suppose fm,, fm, satisfy (5.3) with

corresponding my, ma > 2 and G, , Gp,. Then if my > mo, we have
0 <am, < am,,

and assuming there does not exist a sequence of intersection points of fm,, fm,

tending to —oo, then there exists n < 0 such that

fr () < fmy () for n <.

Proof. For ¢ = 0 case, we have v = 22 > ( which satisfies (A), then by
Lemma 5.1, there exists 79 < min{am,,, am,} such that f,,, (n0) = fie(M0)-
By a similar argument to Lemma 5.2 (i), we know that a,,, # a,, and
(g s Qmy > 0 8INCE Yy, Yimy > 0.

Now let 19 be the closet intersection point to min{a,,, , a, }, integrating

(5.3) from 7y t0 @y, , am, We get

1 1 [om am, Vo S
_énoﬁm (770) + 5 fml (S)ds - = 2 ° - fm11 l(no)frlm (7]0)7 (526>
mo
1 1 [ome Ay V0 S
—5770fm2(770) t3 frmy(s)ds = — ; S — (o) oy (0). (5.27)

70

Subtracting (5.26) from (5.27) we have

A, Vo Ay Vo

s [ s =5 [ gt
= mq(8)ds — = me (S)dS + —
2 /., : 2 ), ™ 2 2
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=Fmi = (10) s (10) = Fr2 = (00) fry (0). (5.28)

For m; > my we know f™~1(ny) < fm2=1(py), since Uy < 1 and f is de-

mi m2

creasing. Then if a,,, > a,, the left-hand side of (5.28) is positive and

—fr (o) < = £, (M0), which gives
fo=t o) fr, (m0) = fm2 (o) f, (10) < 0,

which contradicts the left-hand side is positive. Therefore if m; > msy, we
have a,,, < Q-
The result for the behaviour of f close to infinity follows from Lemma 5.3

(A). O

5.2 The half-line case with ¢ > 0

Now we consider the half-line case with specific choice of ¢'. For ¢ > 0, the
problem satisfied by f is
(1

— ') =" ) ()] if 0 <n<a,
a %ﬁf’(n) =e[(=H)" ) ()], if a <n < oo,
lim f(n) = Ty, lim f(n) = =V, (5.29)
7171;%]”(77) =0= —%i{‘rgbf(n),
| lim 7 ) f () = 8%@(—f)m*1(n)f’(n)7
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whereas for € = 0, the problem satisfied by f is
( 1 / m—1 ! ! :

—gnfm) =" ), iE0<n <a,
fn) =V, if a <n < o0,

lim f(n) = Uy, (5.30)

n—0

lim f(n) =0,

n/'a
aV

| lim ) f (n) = -

Suppose  fi,, fm, satisfy (5.29) and a,,, < am,, we know that f,,,(0) =
fm2(0) = Uy and obtain directly from the proof of Lemma 5.1 that if ~,,, >
Yms, there exists 79 > a,, such that f,,(n0) = fim,(Mo)-

Now consider Uy, Vy < 1, we can get the following Lemma by using a
similar argument in the proof of Lemma 5.2. Note that it is not clear if there
exists 1 € (0, am,,) such that f,, (7)) = fim,(m) but the key point is that
we know that f,,,(0) = fn,(0), and this allows us to apply arguments as
in the proof of Lemma 5.2, whether or not an additional intersection point

m € (0, an,) exists.

Lemma 5.5. Let fr,,, fm, satisfy (5.29) with corresponding my, mg > 2 and

Uo, Vo < 1. Suppose a,, < Qp,,, we have
(1) Ymy # Vo
(11) if Yy < Ymy, then my > my;
(111) if Yy > Ymy, then my < ma.
Suppose fi,, fm, satisfy (5.30) where e = 0. Then f,,,(n) = fm,(n) =
—Vp for n > max{am,, am,} and we know that f,,, (0) = f,,(0), thus the

similar results to those in Theorem 5.4 can be obtained by using the same

method as in the proof in whole-line case .
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Theorem 5.6. Let ¢ = 0 and Uy < 1, and suppose fu,, fm, satisfy (5.30)

with corresponding my, mg > 2 and Gy, , Qm,. Then

it my >me, then a,, <ap,.
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