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In this paper, we present an approach to characterising fast-reaction limits of systems
with nonlinear diffusion, when there are either two reaction-diffusion equations, or one
reaction-diffusion equation and one ordinary differential equation, on unbounded do-
mains. Here, we replace the terms of the form u,z in usual reaction-diffusion equation,
which represent linear diffusion, by terms of form ¢(u)zz, representing nonlinear diffu-
sion. We prove the convergence in the fast reaction limit kK — oo that is determined by
the unique solution of a certain scalar nonlinear diffusion problem.
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1. Introduction

Nonlinear diffusion is needed in certain modelling scenarios to describe processes
involving fluid flow, heat transfer or diffusion. For instance, it can describe the
flow of an isentropic gas through a porous medium [12]. In this paper, we study
the reaction diffusion systems with nonlinear diffusion in one-dimensional spatial
domains. A prototype for the form of nonlinear diffusion considered with this paper
is (u™)zy, where m > 1. We will consider general nonlinear diffusion terms of the
form ¢(u).z, where the function ¢ € C?(R), ¢ and ¢’ are assumed to be strictly
increasing with

¢(s) >0as s>0and ¢'(s) = ¢(s) =0 when s = 0. (1.1)

The problems we consider are motivated by a prototype reaction diffusion system
which consists of a chemical A and an immobile substrate B that react in a semi-
infinite region. We denote by u the concentration of A and v the concentration of
B at z € (0,00) and time ¢ € (0,T). The reaction of u and v is described as

{ut = Uy — kuv,

vy = —kuwv, (1.2)

where k is the rate constant of the reaction (which is positive). The chemical reaction
can be modelled for simplicity by the one-dimensional spatial domain (0, c0) with
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u = Uy at the surface z = 0. That u and v are nonnegative is natural since they
typically correspond to concentration of chemical substances.

In [6], Hilhorst, van der Hout and Peletier study the asymptotic behaviour of k-
dependent solutions (u*,v¥) of (1.2) as k — oo (i.e. the reaction is very fast). They
establish a free boundary problem which is satisfied in the limit when solutions

(u¥,v*) converge to a self-similar limit (u,v) (%) as k — oo. The free boundary

has the form x = av/t, where a > 0 and divides the area in which the mobile
chemical A is present from the area where A is absent. The fast-reaction limit of
(1.2) can be motivated by the study of penetration of radio-labeled antibodies into
tumourous tissue since the attachment of antibodies to antigens in the tissue may
react very fast.

Modelling can give rise to other systems related to (1.2) such that the fast-
reaction limit in which one mobile substance invades a mobile substrate. Among
other problems, Crooks and Hilhorst [4] study the system analogous to (1.2) when
reactant v and substrate v are both mobile, for example, when carbonic acid pen-
etrates into water. In this case, the substrate will diffuse, which is modelled by
introducing a term d,v,, where d, > 0. The paper [4] is concerned with the free
boundary problems in the limit that k¥ — oo in four cases: d, > 0 with two mobile
reactants, d, = 0 with one mobile and one immobile reactant, problems defined
on the spatial domain (0,00) as in (1.3) and also on the whole real line R, which
can arise, for instance, in modelling neutralisation of an acid and a base that are
initially separated. In all four cases, the free boundary has the form = = av/t where
the constant a is determined by a different equation in each case and plays an im-
portant role in characterising the rate of penetration of one substance into the other
in the limit £ — co. When the problem is considered on the spatial domain R with
d, > 0, the constant a in the corresponding limit is not necessarily positive. Note
that when a > 0, substance u penetrates into substance v, while on the other hand,
v penetrates into u when a < 0. For each of the problems with d, > 0 on both the
spatial domains R and (0, c0), an explicit formula is given in [4] for the self-similar
limit function.

An analogue of (1.2) with nonlinear diffusion in bounded multi-dimensional
domains is studied in [10] by Hilhorst, van der Hout and Peletier. They consider
the substrate u with nonlinear diffusion modelled with a term A¢(u), where ¢(u) =
Js D(s)ds and D is the diffusivity of the medium. Under assumptions in [10], D(s
may vanish at s = 0, so the equation for u need not be uniformly parabolic. Thus [10]
focuses on weak solutions since it is possible that the system studied has no classical
solution. In studying of the multi-dimensional limiting free boundary problems in
[10], the free boundary I'(t) of the limit problem is assumed as a smooth surface
that lies entirely within the bounded domain and varies smoothly with t.

We treat two pairs of problem with nonlinear diffusion terms on the spatial
domains RT and R. The first pair of problems defined on the half-strip Sy :=
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{(z,t) : 0 <z < 00,0 <t<T}, one with £ > 0 and the other with ¢ = 0, are
U = d(u) gz — kuv, (z,t) € (0,00) x (0,7,
vy = €P(V) g — kUL, (z,t) € (0,00) x (0,T), (1.3)

u(0,t) = Uy, €¢(v),(0,t) =0, for te€(0,7),
u(z,0) = uk(x), wv(z,0)=vk(z), for xeRF.

As in [6] kuv is the contribution of a chemical reaction where k determines the reac-
tion rate. We define, as in [4], the initial data for the limiting self-similar solutions

as
uoo_ UO SC:O, 'Uoo_ 0 x:(),
710 x>0 % TV z>0,

which equal constant initial conditions on the half-line in [6], where Uy and Vj are
positive constants, and choose the initial data uf, v& that satisfy

(i) uf,vk € C?(RY);
(i) 0 < uf < Up, 0 <ovf <V,
(iil) uf — ug®, v§f — vg® in LY(RT) as k — oo.
(iv) For each r > 0, there exists a continuous function w, : RT +— R* with
wr(pn) = 0 as p— 0 and

[ (- +6) = ug (|2 ((r00)) + 106 (- +8) = 05 (N L1((r00)) < wr(8),
for all k > 0,4 < 7.

For both ¢ = 0 and € > 0, we will prove the existence and uniqueness of weak
solutions (u*, v ) of problem (1.3) for every k > 0, and study the asymptotlc be-
haviour of (u*,v¥) as k — oco. As we will see, the limits u of u* and v of v* are
separated by a free boundary and given by the positive and negative parts respec-
tively of a function w, where w satisfies the limit problem (4.5) and

+

u=w"andv=—-w",

where sT = max{0,s} and s~ = min{0,s}. The k — oo limit problem (4.5) is a
scalar problem, where the nonlinear diffusion function (4.4) depends on whether w
is positive or negative. We prove that there exists a unique weak solution of the
limit problem (4.5) in Theorem 4.3.

The  second pair of problems is defined on  the  strip
Qr = {(x,t) : 2 e R,0 <t < T}, one with € > 0 and the other one with ¢ = 0
are

u = d(u) gz — kuv, (z,t) e R x (0,T),
v = (V) za — kuv, (z,t) e R x (0,7), (1.4)
u(z,0) = uk(x), wv(z,0)=vf(z), for xR,

where we define, as in [4] that

yo—{ U <0, [0 <0,
710 x>0 % TV z>0,
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with Uy, Vj positive constants, k as in (1.3) and initial data u§, v} satisfy

() o, of € C2(R);
(i) 0 <uff <Up, 0 <of < Vp;
(iii) uf — us®, vk — v3® in LY(R) as k — oo.
(iv) There exists a continuous function w : R* + R with w(u) — 0 as u — 0
and

lug (- + 8) — ug ()l + 06 +6) — v ()l 2@y < w(8),
for all k>0, § € R.

Note that for simplicity, we use the same notation ui°,v§® for both half-line
and whole line initial functions. We again consider both the case of two mobile
reactants where € > 0, and the case of one mobile and one immobile reactant, when
€ = 0. Similarly to the half-line case, we prove the existence and uniqueness of weak
solutions (u”*, v*) of problem (1.4), and study the convergence to self-similar limit
profiles (u,v) as k — oo, where u and v are given by a function w, the unique weak
solution of the limit problem (5.14).

The work of this paper continues and extends earlier studies of fast-reaction
limits [4][6][10], by introducing the nonlinear function ¢, in both the case of two
mobile reactants (¢ > 0) in addition to that of one mobile reactant (¢ = 0) and
in considering the whole-line problem (1.3) in addition to the half-line problem
(1.4). In [10], the existence of weak solutions is proved by looking at a sequence
of uniformly parabolic problems in which ¢ (u) > % and studying the solutions
in the limit as n — co. We exploit some ideas and an iterative method from [10],
but our domains are unbounded and when £ > 0, the equations for both u and v
of (1.3) and (1.4) have nonlinear diffusion and are not uniformly parabolic. In the
problems treated in [4], where the diffusion is linear and the problems are studied in
unbounded domains, the overall strategy and a series of cut-off functions are useful
in studying the k& — oo limit. Here, we consider ¢(u*), #(v*) rather than u*, v* and
in order to deal with the nonlinear diffusion, alternative methods and additional
procedures are needed, for example, in proving the estimates of the differences of
time translate, there will be an extra term because of the nonlinear diffusion.

This paper is organised as follows. In Section 2, we study the half-line problem
(1.3), starting with the uniqueness of weak solutions for (1.3). Under the assump-
tions on ¢ in (1.1), the equations for u,v need not be uniformly parabolic when
€ > 0, so the existence of weak solution for (1.3) are proved in Theorem 2.1 by an
iterative method. Section 3 is concerned with passing to the limit as k — oo of the
weak solutions (u*,v¥), via some a priori estimates and a key bound on ku*v* in
L'(Srt), independent of k and € > 0 which is proved in Theorem 4.1. Section 5 con-
tains the whole-line counterparts of the study of the half-line problem in Sections
2-3.

The unique weak solutions of the limit problems (4.5) and (5.14) can in fact be
shown to be self-similar solutions, as was established in [4] for the case of linear
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diffusion. Note that in contrast, to the case of linear diffusion [4], we know of no
explicit self-similar solutions for the £ — oo limit problems with nonlinear diffusion
that are obtained here. We will present the study of the self-similar solutions of
the limit problem elsewhere [3]. It can be shown that the limit function w of (4.5)
satisfies one of two self-similar problems, depending on whether € > 0 or € = 0. The
function f: RT — R describes a self-similar limit solution such that w(z,t) = f(n)
where 7 = x/v/t for (z,t) € Sr. The existence of self-similar solutions of the limit
problems is proved by using one or two parameter shooting methods.

2. Half-line case: existence and uniqueness of weak solutions for
e>0

Let e > 0. We consider first an approximate problem to (1.3). Given R > 1, consider
the problem

up = O(u)ge — kuv, in (0, R) x (0,7),

vy = (V) g — kuv, in (0,R) x (0,7),

u(0,t) = Uy, ¢(v),(0,t) =0, for te (0,7), (2.1)
o(u)z(R,t) =0, ¢(v)(R,t) =0, for te(0,7),

u(z,0) =wuo,r, v(x,0)=vgr, for € (0,R),

where 1o, r,v0,r € CQ(R“‘) are such that 0 < wug r < Up, 0 <vo,r < Vp and
uo,r =ugBY,  vor =—(Vo— )8+ Vi, (2.2)

where the family of cut-off functions 8% € C*°(R*) with R > 1 are defined as

B — 1 r< R-1,
BY(z+2—R) x>R-1

with B! € C*° (R") is a non-negative cut-off function such that 0 < g(x) <1 for
all z € RY, B(x) = 1 when x < 1 and $!(z) = 0 when z > 2.

Since ¢'(s) may vanish at s = 0, the equations for v and v as € > 0 in problem
(2.1) need not be uniformly parabolic and it is possible that there is no classical
solution. Thus we are led to introduce a notion of a weak solution.

Now define

Qp = {a e WHY(0,R)| a =0 at = = 0}, (2.3)

and let & € C*°(R") be a smooth function that & = Uy when z = 0 and @ = 0
when z > 1.

R) x (0,T)) x L*= ((0,R) x (0,T)) is

Definition 2.1. A pair (ug,vg) € L ((0,
f r) € () + L*(0,T:QR), é(vr) €

(
called a weak solution of (2.1) if (i) o(
L*(0,T;W'2(0, R));

0
U
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(ii) (ug,vg) satisfies

R T /R T /R T /R
/ uo,ré(z,0)dz + / / ur&drdt = / / d(uR)p&edxdt + k/ / Eugvgdxdt,
0 o Jo o Jo 0o Jo
R T R T (R T R
/ vo,rE (2, 0)dx + / / vr&dadt = / / ep(vR)&pdadt + k/ / Eurvrdadt,
0 o Jo o Jo o Jo

where £ € i := {€ € C1 ([0, R] x [0,T])| £(0,t) =&(-,T) =0 for t € (0,T)}.

We use the following comparison theorem for (2.1) to prove the uniqueness of
the weak solution of (2.1). The proof is similar to that of [4, Lemma 3.2]. We sketch
the points here, focusing on the parts where our problem needs a slightly different
argument.

Lemma 2.1. Suppose that ¢ > 0 and (ug,Ur), (ur,vr) be such that

(a) ugr,ur € L>=((0, R) > (0, T)]);

(¢) TRy, urys O(WR)was d(UR)zz € L ((0,R) x (0,T));

(d) vgr,vr € L=((0,R) x (0,T));

(¢) If e >0, ¢(vr), p(vr) € L*(0,T; W"(0, R)), TRy, VR,s (VR)wx, P(VR)ze €
LY((0,R) x (0,T)).

(R, VR), (ur,vR) satisfy

URry > G(UR)zz — KURVR, ur, < ¢(UR)ze — kURVR, in (0,R) x (0,7,
Uit < €P(VR)ww — KURVR, VR, > €P(VR)zz — KURVR, in (0,R) x (0,7),
ug(0,-) = ur(0,-), S(VR)2(0,) < d(vr)4(0,), on (0,T),
P(UR)x(R,) 2 ¢(ur)z(R, "), ¢(VR)2(R,-) < ¢(vr)a(R,-), on (0,T),
g (- 0) = ur(,0), vr(0,") < vr(0,), on (0, R).

Then

UR > UR, VR < UR in (0,R) x (0,T).

Proof. Take a smooth non-decreasing convex function m™* : R — R with

1
m*T >0, mT(0) =0, (m+)/ (0)=0, mT(r)=0forr <0, m™(r)=r— 3
for r > 1. For a > 0, we define the functions

ml(r) == am* (g) ,

which approximate the positive part of r as & — 0 and (m7)'(r) — sgnt(r) as
a — 0. Let w = ¢(ugr) — ¢(ug) and z = ¢(Vr) — ¢(vg). Multiplying equation for
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ug by (m}) (w) and equation for vg by (m) (z). It follows that adding these two
equations together that

/Oto /OR (mg)/ (w)(ur —UR): + (mi‘)/ (2)(TR — vg)edadt
<k /Oto /OR [(m8) ()~ (m8)’ (2)] (unvn — TFER)ddr.

With the nonlinear function ¢, we need to deal with (m2)'(w) and (m)'(z) to
simplify the left hand side.
Now letting o — 0 gives

lim (m)" (w) = lim (m)' (6(ur) — ¢(wR)) — sgn’ ($(ur) - $(7R)).

a—0

where st = max {s,0}. Note that sgn™ [¢(ur) — ¢(Wr)| = sgn™ (ur — UR), since ¢
is increasing. By [8, Lemma 7.6], we obtain

to R
[ s a0 s 0+ s 07— ) (7 — )]t
R R
:/ [(ur —ur)" + (Vg — vr) "] (=, to)dz — / [(ur —uR)" + (Vg —vr) "] (z,0)dx
0 0

to R
<- k/ / [(sgnw)™ — (sgnz) ™| (urvr — URVER)dzdt,
o Jo
and the expression

[(sgnw)™ — (sgnz)*] (urvr — WROR) > 0.

Thus
R
/0 [(ur —wR)" + (VR — vr)*] (2, t0)da
to rR
— sgnw)t — (sgnz)"| (upvr — TRUR )dx . .
< k/o /0 [(senw)™ — (sgnz)™] (urvr — rVR)dzdt <0 (2.4)
Hence
(g —7R)* + (77 — va)*] (to)dz =0 on (0, R). o

The following corollary is immediate from Lemma 2.1.

Corollary 2.1. Let € > 0. For given initial data uo r,vo, r, there is at most one
solution (ur,vr) of (2.1).

If we take (ug,vr) = (0,0) and (ugr,Ur) = (ur,vr), then take (ugr,vr) =
(ugr,vr) and (ug,vg) = (Up, Vp) in Lemma 2.1, we obtain the following.

Corollary 2.2. Let (ugr,vgr) be a weak solution of (2.1). Then we have
0 <up(z,t) <Us and 0 <wg(zt) <V, (2.5)
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for (z,t) € (0, R) x (0,T).

We will prove the existence of a weak solution of the appropriate problem (2.1)
using an iterative method inspired by [10]. As the first step in the iteration we
consider the problem

(), =0 (), —WldVo, (,) € (0.1) x (0,7),
0.0 =0, 6(u)) (RH)=0, for te(0T), (2.6)
ug)(:r,O) = uo,r(x), for z € (0,R).

(1)
R

We will prove the existence and uniqueness of a weak solution uy’ in the following

and then substitute ug) in the problem

(Ug>) = e g0 — uDolD) (z,t) € (0,R) x (0,T),
0] (vg)aw (0,t) = ¢ (vg))w (R,t) =0, for te(0,T), (2.7)
vg)(z,O) = vo,g(x), for z € (0,R),

and obtain a unique weak solution vg). Our strategy is to replace Vj in Problem

(2.6) by vg) and again we will have a weak solution ug), and so on. In this way,

we will obtain sequences {u%m)} and {vg%m)}. Finally letting m tend to infinity, we

will obtain a solution of Problem (2.1) in the limit.
In order to be able to carry out this procedure, we first introduce a notion of
weak solutions for problems of the following type:

URt = d)(uR)mx - kuRpa (x7t) € (07 R) X (O,T),
ur(0,t) =Upy, é(ur).(R,t)=0, for te (0,7), (2.8)
uR(xv 0) = uO,R($)7 for =€ (O7R)7
and
VRt = 5¢(”R)xw - kvRQv (l‘,t) S (07 R) X (OvT)a
¢(UR)x(0a t) = ¢(’UR)z(R7 t) =0, for te (OvT)’ (29)
vr(z,0) = v r(z), for € (0,R),

where 0 < p <V and 0 < ¢ < Uy almost everywhere in (0, R) x (0,T).

Definition 2.2. (I). A function ug € L*°((0, R) x (0,T)) is called a weak solution
of problem (2.8) if

() ¢(ur) € ¢(@) + L*(0,T;Qr);

(ii) up satisfies

R T /R T /R T /R
/ uo,rE(x, 0)dz + / / ug&dedt = / / o(uR)z&pdxdt + k/ / Sugpdxdt,
0 o Jo o Jo 0o Jo

where £ € FE.
(IT). A function vy € L*((0, R) x (0,7)) is called a weak solution of problem
(2.9) if
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(i) ¢(vr) € L*(0,T; WH2(0, R));
(ii) vg satisfies

R T /R T R T R
/ vo,rE(x,0)dz + / / vr&dadt = / / ep(VR)pErdadt + k/ / Evgqdadt
0 o Jo o Jo o Jo

where ¢ € FE.

Next we will quote the following lemma which is proved in the Appendix in [10].
We will use it to prove the existence of weak solutions of (2.8) and (2.9).

Lemma 2.2. Let {ug)} C L*((0,R) x (0,T)) and {¢p,} C C(R) be sequences
with properties

WS —~up in L2((0,R) x (0,7)),
¢, is nondecreasing,

¢n — ¢ uniformly on compact subset of R,
duluy)) = xin L*((0,R) x (0.7)),
then x = ¢(ug).
Now we can prove the following lemma.
Lemma 2.3. Let p,q € L*((0,R) x (0,T)) be such that 0 < p <V, 0 < ¢ < Up.

Then problems (2.8) and (2.9) have unique weak solutions ur and vg respectively
with the following properties

OSURSUQ, OSURS‘/O iD(O,R)X(O,T).

Proof. First we construct the solutions {ug)}, {vg)} of sequences of uniformly

parabolic problems in which ¢ in (2.8) and (2.9) have been replaced by smooth
functions ¢,, where ¢, (Up) = ¢(Uy) and (bil(ugl)) > 1. Under these assumption
on ¢,, the equations are parabolic non-degenerate and we may apply standard
quasilinear theory to obtain the existence and uniqueness of classical solutions.

Then by the similar arguments to that in [10, p809] we know that ¢, (ug))
is bounded in L*°((0,R) x (0,T)), ¢n (ug))z is bounded in L%((0,R) x (0,7))
and ¢, (ug))t is bounded in L2((0, R) x (0,T)). By [7, p.170], which says that
WL(Q) c BV(Q), we therefore have ¢, (uﬁ?) is bounded in BV ((0, R) x (0,T))

and there exists a subsequence {ug”)} and a function y; € BV((0,R) x (0,7T))
such that

b, (ug”)) —x1 in Ll((O,R) x (0,T)) as j — oo.
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As e > 0, it follows similarly for v that there exists a subsequence {vg” )} and
a function x2 € BV((0, R) x (0,T)) such that

b, (vg”)) — x2 in LY((0,R) x (0,T)) as j — oo.
We may choose these sequences such that
ug;?j) — ug, vgj) — g in L?((0,R) x (0,7)),

and the sequence {¢,} such that ¢, — ¢ uniformly. By Lemma 2.2 we have x; =
é(ugr), x2 = ¢(vg). We know that ¢, (ug)) — ¢(Up) is bounded in L%(0,T;QR)

and ¢, (U;—?)) is bounded in L2(0,T; W12(0, R)), so there are subsequences, again
denoted by { (n ])} and {v%j)} such that

o, (uff?) = 6(U0) = dlun) — 6(To) i L2(0,T; ),
on, (v577) = olvr) in L2((0,R) x (0,T)).
By a standard limiting argument we obtain that ug is a weak solution of Problem
(2.8) and vg is a weak solution of Problem (2.9).
The uniqueness is shown similarly to the proof of Lemma 2.1. O

From Lemma 2.3 we immediately deduce that ug)

of (2.6) and (2 7) We then define the sequences { (m)} and {vgzm)} inductively as

(€]

and vy’ are weak solutions

follows, let u ) be the weak solution of the problem

uf) = (uf”) kY @t € (0R) x (0.7),
ul™(0,t) = Uy, ¢ (ugn>) (R,t) =0, for te(0,T), (2.10)
w8 (,0) = ug (), for x € (0,R),

let vg%m) be the weak solution of the problem

v = ep(0h ) — kuly oG, (,t) € (0, R) x (0,T),
o (o) 0 =0(v§") (RO =0, for te(0,T), (2.11)
0™ (,0) = vy r(2), for =€ (0,R).

Then ug%m) and vgn) satisfy
(i) ¢ (uff”) € 6(a) + L*(0,T52p), and

R
/ uo,r&(x,0) dx—i—/ / uR )ftdmdt
/ / <m) gxdxdt+k / / cul™ oD dgdt,
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(ii) ¢ (UE;")) € L2(0,T; W2(0, R))

/O Rvo,Rg(x,O)dx+ / ’ / Rvg")gtdxdt
/ / 5(;5 §zdxdt+k / / cul o™ dzdt,

where ¢ € FE.
In the following, we prove the monotone dependence of ugn), vl(am) nm.

Lemma 2.4. The problem (2.10) and (2.11) have unique solutions with the follow-
ing properties

(i) ug%m) and vg{m) are weak solutions of problems (2.10) and (2.11);
(ii) 0 <ul™ <u" <v,, 0 <ol <ol < v,

Proof. The proof proceeds by induction. We first note that ug) and ug) satisfy

the equations
= ()l
2 2 1
ugﬁ) =¢ (u%))m ku%)v;),

almost everywhere in (0, R) x (0,T).
Since ug),ug) satisfy identical initial and boundary conditions, ug) is a sub-

solution for (2.10) with m = 2, since vg) < Vb, which implies uR) > u(l) Now

consider vg) and vg)

vRt =e¢ ( )m — ku(l)vg),

vgt) =¢e¢ (vg)) — kug)vg).
(1) (2 2) .

Since v, vy’ satisfy identical initial and boundary conditions, vy’ is a subsolution
for (2 11) as m = 2, which implies vg%) > vg). The proof of monotone dependence

m) (m)

of u! r  and vy’ of m for large values of m is similar. O

We can now establish the existence of a weak solution of Problem (2.1) when &
is strictly positive.

Theorem 2.1. There exists a unique weak solution (ugr,vgr) of Problem (2.1) such
that

0<ur <Uy and 0<wvgr <V,.
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Proof. Lemma 2.4 implies that the functions u%{m) and vgn) tend (pointwise) to

functions ug,vr as m tends to infinity. By the proof of Lemma 2.3 we conclude
there are subsequences {u;imj )} and {vg%mj)} such that

6 (ui™) = 6(Uo) = 6(un) — 6(Up) weakly in L2(0,T; Qp),
1 (ngmj)) — ¢(vg) weakly in L*(0,T; WH%(0, R)).

Then, by the Dominated Convergence Theorem, passing to the limit as m; — oo
leads to

/OuORga:de—&-/ / ur&dadt = //¢uR @Cdxdt—&-k‘/ / Eupvpdadt,

where £ € FE. We can readily show up is a weak solution of (2.8) with p = vg.
From DiBenedetto [5, Theorem 7.1], and conclude that ug € C([0, R] x [0,T]).
Similarly, we know that vg is a weak solution of problem (2.9) with ¢ = ugr and
we can conclude also that vg € C([0, R] x [0,T]). It follows from Lemma 2.1 that
(up,vR) is the unique weak solution of problem (2.1). |

Next, we will prove the existence of a weak solution of (1.3) with € > 0 by
looking at (ug,vr) in the limit R — oo. First, we prove some preliminary estimates.
In the following, C'(L) denotes some L-dependent constant which varies according
to context.

Lemma 2.5. Suppose ¢ > 0 and L > 0. Then there exists a constant C(L) inde-
pendent of k such that if R > L+ 1, then

L+1
k/ / upvrdadt < C(L). (2.12)
o Jo

Proof. Introduce a cut-off function ¢! € C°°(R*) such that 0 < p!(x) <1 for all
r € RY, ¢1(0) = pL(0) = 0, p(z) = 1 when z € [1,2] and ' (z) = 0 when z > 3.
Then given L > 2, define the family of cut-off functions ¢* € C°°(R") such that
ot (z) = pl(z) when z € [0,1], pL(z) = 1 when z € [1, L] and % (z) = o (z+2—L)
when x > L. Note that 0 < ¢ <1 for all L, and ¢, oL are bounded in L*°(RT)
independently of L.

Multiplying the equation for ur by ¢ and integrating over (0, R) x (0,7T) gives
that

T ,L+1 T ,L+1 L+1
k/ / uRngpdedtz/ / qu(uR)@f.Idxdt—F/ @Luoﬂdx
0o Jo o Jo 0

L+1
- / oPup(z, T)dx.
0

The fact that 0 < up < Uy, together with the Lebesgue’s Monotone Convergence
Theorem, yield (2.12). m|
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Lemma 2.6. Suppose € > 0. Then for each L > 1, ¢(ur),d(vg) are bounded in
L? (O,T; Wh2(0, L)) independently of k and R.

Proof. Now we introduce a cut-off function ¢! € C° (RT) such that 0 < ¢! <1
for x € RT, 9! =1 when # < 1 and ¢! = 0 when x > 2. Then given L > 1, define
the family of cut-off functions 1% € C°°(R*) such that 1* = 1 when < L and
Pl = (x +1— L) when z > L. Clearly ¥L, L and ¥, are bounded in L*°(R")
independently of L. Suppose that R > L+ 1. Then multiplying the equation for up
by [¢p(ur) — ¢(Up)]y* and integrating over (0, R) x (0,T) gives

T pL+1
/0 /o [¢(UR)_¢(U0)]I/)Luthxdt

T prL+1 T pL+1
[ tetumaputast 5 [0 [ [ - o) vt dede

T L+1
—k /0 /0 [¢(ur) — ¢(Uo) |9  upvrdadt,

Now letting F' = @(s)ds < C, we have
0

T L+1
/ / |$(ur)eldadt
0 0
L+1

L+1
- /0 o(Uo) (uo,r — ur(z,T))yp"dz — / [F(z,T) — F(z,0)]"dz

0
T ,L+1 o1
+ % /O /O [¢(UR) - ¢(Uo)] 2¢£wdxdt — k/o /0 [¢(UR) _ ¢(UO)] T/)LURURdl‘dt.

We know ¢(ur) — ¢(Up) € L>((0, R) x (0,T)), so Lemma 2.5 yields

L+1
/ / d(ug)y)?dzdt < C, (2.13)
independently of k£ and R. If € > 0, the estimate for ¢(vg), can be proved likewise,
using the equation for vg. O

In order to prove that the sets {ur}r>0,{Vr}Rr>0 are each relatively compact
in L? (R* x (0,7)), we now prove estimates of space and time translates of ug, vg.

It is convenient to introduce a shorthand notation for space and time translates.
Given a function h, let

Ssh(z,t) := h(x +0,t), Trh(z,t):=h(x,t+7), (2.14)

for all (z,t) in a suitable space-time domain and appropriate § and .
As a result of the gradient bounds in Lemma 2.6, the following result can be
proved by adapting the proof of [2, Lemma 2.6].
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Lemma 2.7. Suppose € > 0. Then for each L > 0 and r € (0,1), there exists a
constant C(L), independent of k and 6, such that

T L+1
/0 / 16(Ssur) — (ur) Pdxdt < C(L)|5],

T L+1
/ / |6(Ssur) — dum) Pdadt < C(L)|6]%,
0 r
foralld € R, |0] <.

Lemma 2.8. Suppose € > 0. Then for each L > 0, there exists a constant C(L)
independent of k and T € (0,T) such that

T—1 L+1
/ / &(Trugr) — ¢(ug)|*dzdt < 7C(L),
T—1 L+1
/ / |p(TrvR) — ¢(vg)|*dedt < 7C(L).
0 0

Proof. The proof takes the advantage of [4, Lemma 2.16], see also [2, Lemma 3].
Since we have nonlinear diffusion terms, we also need to deal with the nonlinearity
¢. Let ¢ be as in the proof of Lemma 2.6. Then it follows using the Mean Value
Theorem that

T—1 L+1
/ YH (T ur) — o) drds

T—1 L+1
<N / / O(Tyur) — dlur)| [Tyur — ug| dedt,

where N = ¢'(Up) such that ¢'(s) < N for all s € [0,Up], since ¢’ is increasing.
Then we have

T—71 L+1
/ / S(Trur) — ¢(up)|? dedt

T—71 L+1
SN/ / / P ¢ (Trur) — d(ur)| O(uR)es(x,t + s)dadtds
0 0 0

T pT—1 pL+1
_ Nk'/ / / ’l/)L |¢(TTUR) - ¢(UR)| uR(x, t+ S)UR(x, t+ S)dl‘dtds
0 0 0
=h + I+ I3,
with

T pT—7 pL+1

I = —N/O /0 /0 " T |p(Trur) — d(ugr)|, d(ur)s(x,t + s)dxdtds,
T T—1 L+1

=N [T [ ol ~ o) oun) o + e,

T pT—7 pL+1
I3 := —Nk/ / / V| (Trur) — d(ur)| ur(z,t + s)vr(z, t + s)dzdtds.
o Jo 0
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I; can be split into two terms, and using the Cauchy-Schwarz inequality and the
property 1’ < 1 yields

T T—1 L+1
|I1||N/0 /0 /O " VEQ(Trur)wd(ur) . (z,t + s)dadtds

T T—1 L+1
+N/ / / ¢L¢(UR)x¢(UR)x(m, t + s)dazdtds
o Jo 0

T ,L4+1 3
<2rN {/ / ! |p(ur(@,t))e|” dwdt} :
o Jo

which is bounded by Lemma 2.6. By (2.2) and the Cauchy-Schwarz inequality, there
exist C' independent of k such that

T—7 ,L+1 2
|Iy| <sup [pE|NCT {/ / |p(uR)s(z,t + 8)|° dadt p ds,
0 L

which is bounded by (2.13) and the fact that sup |[¢)Z| is bounded independent of
L. The last term is easier to handle, by (2.2) we get

T L+1
|I5| < 2M’TN/ / kugvrdadt,
o Jo

which is bounded by Lemma 2.5. An analogous estimate for vz can be obtained by
using similar arguments. O

We can now establish the existence of a weak solution of the original problem
(1.3) of Sy when € > 0. Now with

Qs = {a e W2((0,7) a=0at 2 =0},
and define

Fr:={£e€CY(Sr): £0,t)=¢(-,T)=0fort € (0,7) and supp¢ C [0, J] x [0, 7]
for some J > 0} .

Theorem 2.2. Let ¢ > 0. Given k > 0, there evists a weak solution (uF,v*) €
(L>°(S1))? of (1.3) such that for each J > 0,

(i) o(u*) € p(@) + L*(0,T;Q),  ¢(v*) € L2(0, T3 WH2((0, 7))
(ii) (u*,vF) satisfies

/ uké(x,0)dr + // uF&dadt = / p(ub) € dadt + k:/ cuFvFdadt,
R+ St St St
/ vE€(z,0)dz + / / ¢ dadt = / / ep(vF) & dadt + k / cuFvFdadt,
R+ St St St



August 13, 2023 17:28 WSPC/INSTRUCTION FILE fastreaction

16
where £ € Fr.

Proof. Let ug g,vo,r be as in the formulation of problem (2.2) and note that as
R — oo, ug.p — uf, vor — vk in CL_(RY). Then given R, — oo, it follows
from the Fréchet-Kolmogorov Theorem (see, for example, [1, Corollary 4.27]) and
(2.2), Lemma 2.7 and 2.8, that there exist subsequences { R, } and functions u* €
L>(S7) and v* € L>(Sr) such that

UR,, = uk, UR,, v* strongly in L} (S7) and a.e. in St

as j — oo. Now we know that ¢(uan> — ¢(Up) is bounded in L?(0,T;Q;) and
qb(vR”j) is bounded in L?(0,T; W12(0,J)) by Lemma 2.6, then we have that, up to
a subsequence, as j — 00

$lur,,) = ¢(Uo) = ¢(u*) = ¢(Up) in L*(0,T;9y),
$(vr,,) = o(v*) in L*(0,T;WH2((0,7))).

By the Dominated Convergence Theorem we can then easily pass to the limit in
the weak form of (1.3). O

We use the following comparison principle theorem for (1.3) to show the unique-
ness of the weak solution of (1.3). Note that this result covers both the case € > 0
and the case € = 0.

Lemma 2.9. Let e > 0 and (u,v), (u,v) be such that

(a) Tw,u € L>®(St);

(b) ¢(ﬂ) € ¢(ﬂ(07 )) + L2(07T; Q.])f (z)(ﬂ) € ¢(H(Ov )) + LQ(OaT; QJ);

(¢) U, uy, (W) gz, D)z € Ll(ST)5

(d) v,v € L>(S7), V4,0, € L*(S7);

(e) Ife >0, ¢(0), p(v) € L*(0, T; WH2((0, 1)), ¢(0)aas $(0)2a € L' (S1);

and (@,?), (u,v) satisfy

Uy > O(W)ze — kU0, uy < O(U)ze — kuv, in S,
Uy < eP(V) e — kuv, v, > (V) ga — kuv, in St,
u(0,-) = u(0,-), €¢(v)2(0,") =g (v)(0,-) =0, on (0,T),
w(-,0) > u(-,0), v(0,-) <v(0,-), on RT.

Then

Proof. Take the function m™ as in the proof of Lemma 2.1, ¥ be as in the
proof of Lemma 2.6 and let w = ¢(u) — ¢(u) and z = ¢(T) — ¢(v). This result
follows from arguments analogous to those used in the proof of Lemma 2.1, replacing
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(mE) (w) by (m}) (w)¥L, (mt) (2) by (m%) ()L and integrals over Rt x (0, o)
by (0, R) x (0,T). Letting o — 0, we have

- P [(w -2 + (@ -0)7] (2, to)de

<[ vlw-0t+ -9 @od ! | vkt e tat

R
=< /O "’ /R R {[aﬁ(g) — @] " +e[6(@) — ¢(y)]*} dadt, (2.15)

which is bounded independently of L and tq by the definition of 4/ and in particular,

L # 0 only if x € [L,L + 1]. Now using Lebesgue’s Monotone Convergence
Theorem we deduce that [(u — 7)™ + (v —v)T] € L= (0,T; L*(R")), thus (2.15)
tends to 0 as L — oco. Hence

[(wu—@)* +@-20)] (,t)) =0 onR*. -

The following corollaries are immediate from Lemma 2.1.

Corollary 2.3. Lete > 0. For given initial data ulg, v(’)“, there is at most one solution

(uF,v*) of (1.3).

Corollary 2.4. Let ¢ > 0 and (u*,v*) be a weak solution of (1.3). Then for given
k>0, we have

0 <uf(x,t)<Uy and 0<of(x,t)<Vy for (z,t) € Sp. (2.16)

3. Half-line case: a priori bounds, existence and uniqueness of
weak solutions for e = 0

In this section, we prove some a priori estimates for € = 0 and for € > 0 that will
be used both in proving existence of a weak solution of (1.3) when € = 0 and in the
next section, to study the limit of (1.3) as k — oo.

The next bound for ku*v* is key in the following. The strategy to obtain the
estimate is to consider the integral over (1,00) x (0,7) by studying the equation of
u® and the integral over (0,1) x (0, 7)) by studying the equation of v*. The proof of
this result uses a similar approach to that used in the proof of [4, Lemma 3.4] and
we omit the details. Note that a similar result in the whole-line case is established
in Lemma 5.2, where more involved arguments are needed and we provide a proof.

Lemma 3.1. There exists a constant C > 0, independent of € > 0 and k > 0, such
that for any solution (uF v*) of (1.3), we have

/ / ku*v*dzdt < C.
St

The following result prove the L' bounds of v* and v* — Vj.
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Lemma 3.2. There exists a constant C > 0, independent of € > 0 and k > 0, such
that for any solution (uF v*) of (1.3), we have

/ uF(z,tg)dz < C and / [vk (2, t0) — Voldx < C, (3.1)
R+ R+

for all ty € [0,T).

Proof. The estimate for u* is immediate from the proof of Lemma 3.1 and the
Monotone Convergence Theorem. Choose a smooth convex function m : R — R
with

1
m >0, m(0) =0, m'(0) =0, m(r) =|r| — 3 for |r| > 1.

For each o > 0, define the functions

which approximate the modulus function as @ — 0. Denote © = v* — Vj, 2 =

$(v*) = ¢(Vo).
Multiplying the equation of © by m., (2)yr, where ¥ as in the proof of Lemma
2.6, and integrating over Rt x (0,¢y), we obtain

/ ml,(2)pl o, dadt 5/ (2l z, dxdt — k/ ml, ()l urvrdade.
R+ R+

Letting o — 0 and [8, Lemma 7.6] yields

/ 0(x, to)WJLdm*/ |o(z,0) |y Eda

<5/ / |2|9E dxdt — k / / sgn(2)yplurvrdade. (3.2)
R+

We know that 9L # 0 only when ¢, € [L, L+1] and by Lemma 3.1, the right-hand
side of (3.2) is bounded independently of L and k. So it follows from the fact that
vk — vg° is bounded in L'(R™), there exists C' > 0 independent of k, such that for
all to € [0,T]

/R+ [vk (z,t0) — Voldz < C. 0O

k

By using the Mean Value Theorem and a priori bounds on u*,v* on Corollary

2.4, we can get the following corollary of Lemma 3.2.

Corollary 3.1. There exists a constant C' > 0, independent of € > 0 and k > 0,
such that for any solution (u*,v*) of (1.3), we have

¢(uF)(- to)dz < C and / [6(v") (-, t0) — p(Vo)|dz < C,  (3.3)
R+ R+

for all ty € [0,T).
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Next we prove a bound for the L2-norm of the space derivatives ¢(u”), and

(b(vk)a:

Lemma 3.3. There exists C > 0, independent of € > 0 and k > 0, such that for
any solution (u*,v*) of (1.3),

// o2dzdt < C, and // o2dzdt < C. (3.4)
ST ST

Proof. The proof follows the similar arguments in Lemma 2.6. Let /" be as in the
proof of Lemma 2.6. Then multiplying the equation for u* by [¢(u*) — ¢(Up)]v*
and integrating over St give

/ /S Vel dadt

== [ o) (u — o) e / [F(x,T) — Fz,0)]dz

/ /S Uo)] >0k, dadt — k / /S o(Uo)] v urvFdadt,

where F' = / #(s)ds. By the Mean Value Theorem and (2.16), we obtain for
s € [0, Up] such that
F(z,T) — F(z,0) = ¢(s)u*(z,T),

which yields

/]R+ [F(z,T) — F(z,0)]¢"dz

< $(U) sup /R b,

0<t<T

which is bounded by Lemma 3.2. Combining with Lemma 3.1, using Lebesgue’s
Monotone Convergence Theorem and letting L — oo imply that there exists a

constant C' > 0 such that
/ / 2dxdt <C,
St

independently of k. If ¢ > 0, the estimate for ¢(v*), can be proved likewise, using
the equation for v¥. 0O

The following estimates for the differences of space and time translates of so-
lutions will yield sufficient compactness both to obtain the existence of solutions
of (1.3) when € > 0 and € = 0, and to study the strong-interaction limit k — oo.
The estimates for the differences of space translates of solutions are proved in the
similar way to [4, Lemma 2.15], which importantly allows ¢ = 0. Note that we need
alternative procedures to deal with the nonlinear diffusion, and the monotonicity
properties of ¢ and [8, Lemma 7.6] are both used here.

Recall the notion for space and time translates introduced in (2.14).
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Lemma 3.4. Suppose that € > 0 and let (uF,v*) be a solution of (1.3) satisfying
(2.16). Then for eachr € (0,1), there ezists a function K, > 0 independent of € > 0
and k > 0 such that K, (6) — 0 as |6| = 0 and for all |0| < § and t € (0,T), we
have

/ h |p(uF) — ¢(Ssu®)| + [p(v*) — ¢(I50")| dz < K.(5).

Proof. Let

u:=uk — Ssuk,  g:= d(uF) — p(Ssu”),
n = p(v") — ¢(Ssv"), (3.5)

and define a cut-off function v} € C°°(R™T) such that 0 <~} < 1, v}(z) = 0 when
x € [0,7/2], v:(x) = 1 when = € [r,1] and 4}(z) = 0 when x > 2. Then given
L > 1 define a family of cut-off function v* € C>°(R*) such y%(z) = ~}(z) when
x €[0,7], v (x) = 1 when z € [r, L] and vX(x) = v}(z + 1 — L) when x > L. Note
that 0 < % < 1 for all L, and (v%)., (v%).e are bounded in both L>(R*) and
L'(R™) independently of L.

This follows from the similar form of argument used to show in [4, Lemma 3.7],
but with nonlinear diffusion. We omit most of the details and only note two key
calculations involving nonlinear diffusion.

Let my be as defined in the proof of Lemma 3.2. Letting o — 0 gives

lim (m,)' (6(u*) — ¢(S5u”)) — sgn(p(u”) — ¢(S5u")) = sgn(u® — S5u®).

a—0

Then by [8, Lemma 7.6], we have

o0

W {lul@, to)| + v, to) |} du

J
< [t Qa0 oGl ar s [ [ )., ol el do

to (oo}
- k/ / vF [sgn(g) + sgn(n)] (uFo* — Ssuk S5v*) dzdt
o J3

< [Tttt 0+ o 0ot [ [T 6F),, fll 4l asdr, (36)

2

because
[sgn(g) + sgn(n)] (uFv* — SsukSsv*) > 0. (3.7

Now we prove the following bound for the right-hand side of (3.6),

/Oto /:O (%) lglddt <[o] Voto /;o (%L)i,wdacdt]é Voto /400 |¢(uk)x(x+5,t)|2dxdt]

2
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By Lemma 3.3 and a similar estimate for n, we get

to [e'e]
/ / (V). {lg] + elnl} dadt < K18 (3.8)
o J3

for some constant K,. The result follows from (3.6), the fact that ||uf(- + ) —
uf (V21 (oo + 10§+ 8) = § ()1 ((r00)) < wr(8) where w,(u) — 0 as p — 0
and Lebesgue’s Monotone Convergence Theorem combining with the Mean Value
Theorem. 0O

The estimates for the difference of time translates are proved by using similar
methods to those in the proof of Lemma 2.8, passing to the limit as L — oo in
integrals over (0,L + 1) to obtain estimates on integrals over RT, we leave the
details to reader.

Lemma 3.5. Suppose ¢ > 0 and let (u¥,v*) be a solution of (1.3) satisfying (2.16).
Then there exists C' > 0, independent of € and k, for any 7 € (0,T) that

T—1
/ / 6(Touk) — p(u)2dwdt < 7C,
OT—T R
/ / |p(Trv") — o(v*)[2dzdt < 7C.
0 R+

Lemma 3.6. Let (u*,v*) be weak solutions of (1.3) with k > 0 and € > 0. Then
o(u*) — ¢(a) € L*(0, T; Wy *(R™)), (39)
and
elp(v*) — ¢(Vo)] € L*(0, T; WH2(RT)), (3.10)

where & € C°(R™) is a smooth function such that & = Uy when x =0 and 4 = 0
when x > 1.

Proof. The result for u* follows from Corollary 2.4 and Corollary 3.1 which ensure
that ¢(u®) — ¢(Uy) € L>=(St) and ¢(u*) — ¢(Uy) € L' (St), together with Lemma
3.3 which ensures that ¢(u¥), € L?(S7). If € > 0, the estimates for v* can be proved
likewise. m|

We can now prove a convergence result for solutions (u*,v*) of (1.3) as ¢ — 0.

Lemma 3.7. Let k > 0 be fired and (uk,v¥) be solution of (1.8) satisfying (2.16)

) e

with & > 0. Then there exist (u¥,v%) € (L°(Sr))* such that up to a subsequence,
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for each J >0

(uf) — p(uf) in L*((0,) x (0,7)),
uf — uk a.e. in  (0,J) x (0,7),
$(vf) = o(v}) i L*((0,J) x (0,T)),
P — P a.e. in  (0,J) x (0,7),
o(uf) — o(1) = ¢(uk) — 6(a) in 22 (0,7 Wy (RY))

as € = 0, where 4 € C®(R™") is a smooth function that & = Uy when z = 0 and
4 =0 when z > 1.

Proof. It follows from Lemma 3.2, Lemma 3.3 and Corollary 2.4 that ¢(u¥) and
#(vF) — ¢(Vp) are bounded independently of ¢ > 0 in L?(Sr). By Lemma 3.4

€

and Lemma 3.5, using the Riesz-Fréchet-Kolmogorov Theorem [1, Theorem 4.26],
yield that the sets {¢(vF) — ¢(%)}E>O and {¢(u§)}6>0 are each relatively compact
in L2((0,J) x (0,T)) for each J > 0. The weak convergence of ¢(u¥) — ¢(a) in
L? (O,T; W&’Q(RJF)) follows from Lemma 3.6. Then we know that ¢(uf) — ¢(u¥)
and ¢(vF) — #(v¥) almost everywhere in (0, J) x (0,7, so since ¢! is continuous,
then we have u® — ¢~ 1(¢(u¥)) and vF — ¢~ 1(#(v¥)) almost everywhere in (0, J) x
(0, 7). |
Recall that

Fri={€€ CH(Sr): €(0,8) = €(,T) = 0 for t € (0,T) and supp& C [0,.J] x [0, 7]
for some J > 0}.
(3.11)

and
Qs :={aeW"0,J)a=0at z=0}.
Lemma 2.9 and Lemma 3.7 enable the following result to be established.

Theorem 3.1. Let ¢ = 0 and k > 0. Then Problem (1.3) has a unique weak
solution (u*,v*) € (L°°(Sr))? for each J > 0 such that

(i) ¢p(u*) € () + L?(0,T;Q ), where i € C=(R™) is a smooth function that
u = Uy when x =0 and 4 =0 when x > 1;
(ii) (u*,v*) satisfies

/ uké(x,0)dr + / EuFdedt = / Exp(uP)dzdt + k/ cuFvPdadt,
R+ St St St
(3.12)

/ vgﬁ(x,O)dt—&—/ EoPdadt = k:/ cuFordadt, (3.13)
R+ St St

for all € € Fr.
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Proof. The existence of a solution (u*, v¥) to (3.12)-(3.13) follows by using Lemma
3.7 to pass to the limit along a subsequence as ¢ — 0. The uniqueness of (u*,v*)
follows from the comparison principle proved in Lemma 2.9. O

4. Half-line case: limit problem for (1.3) as k — oo

We now establish the existence of limits of solutions of (1.3) as k — oo, both when
€ > 0 and € = 0, by using the a priori estimates of the previous section.

Lemma 4.1. Let ¢ > 0 be fized and (u*,v*) be weak solutions of (1.3) satisfy-
ing (2.16) with k > 0. Then there ezists (u,v) € (L*°(St))? such that up to a
subsequence, for each J > 0 that

S(u’) = b(u) in L*((0,7) x (0,7)),
uf = u ae.in  (0,J) x (0,7),
¢(0*) = p(v) in L2((0,J) x (0,T)),
P = a.e. in  (0,J) x (0,7),
o(u") - 6(@) —~ ¢(u) - ¢(a) in L2 (0,7 Wy (RY)),
and fore >0
$(0*) = (Vo) = ¢(v) — ¢(Vo) in L?(0,T; Wh*(RT)),

as k — oo, where i € C*°(R™) is a smooth function that @ = Uy when z = 0 and
4 =0 when z > 1.

Proof. The proof is directly analogous to that of Lemma 3.7, using bounds in-
dependent of k in place of bounds independent of €. The weak convergence of
P(v*) — ¢(Vo) in L2 (0, T; WH2(RT)) follows from Lemma 3.6. m|

The following segregation result is a key to characterisation of the limits u, v in
Lemma 4.1.

Lemma 4.2. Let € > 0 and (u,v) be as in Lemma 4.1. Then
uwv =0 a.e. in St. (4.1)
Proof. It follows from Lemma 3.1 and Lemma 4.1 that uv = 0 almost everywhere

in S combining with Lemma 2.4 and using Lebesgue’s Dominated Convergence
Theorem. O

To derive the limit problem, we set
wh = uf =0k, wi=u—w. (4.2)
Then it follows from Lemma 4.1 and Lemma 4.2 that as a sequence k,, — o0,

wh — w in L*((0,J) x (0,T)) for all J >0 and a.e in Sr,
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and that

U = w"‘7 V= —w ,
where st = max {0, s} and s~ = min {0, s}.

Next result follows using Lemma 4.1 and the fact that uf — u$® and vk — v&°
in LY(RT) as k — oc.

Lemma 4.3. Let € > 0 and (u,v) be as in Lemma 4.1. Then

/I (= g + | = ooz = [[ JCOREIDESRE
(4.3)
for all £ € Fr, where Fr as in (3.11).
Now define
o(s) 5 >0,
Dls) = { —ep(—s) 5 <0, 44
and the limit problem

Wy = D(U})Iw, in ST;
w(zx,0) = wo(z) == =Vy, forz >0, (4.5)
w(0,t) = Uy, for t € (0,T).

Definition 4.1. A function w is a weak solution of (4.5) if

(i) w e L>®(Sy),
(i) D(w) € D(w) + L2(0, T; Wy*(R+)), where @ € C°°(R") is a smooth func-
tion with w = Uy when x = 0 and w = —V; when z > 1,
(iil) w satisfies

/R . wo ()& (x,0)dx + / [S ’ wépdzdt = / 5 D(w) & ddt. (4.6)

for all £ € Fr, where Fr as in (3.11).

Theorem 4.1. Let ¢ > 0. The function w defined in (4.2) is a weak solu-

tion of problem (4.5) and the whole sequence (u¥,v*) in Lemma 4.1 converges to
(wt, —w™).

Proof. The existence of a weak solution is a straightforward consequence of Defi-
nition 4.1 and Lemma 4.3. The fact that the whole sequence (u*,v*) converges to

(wt, —w™) follows from the uniqueness results proved in Theorem 4.3. O

Now we prove the uniqueness of the weak solution of (4.5). The proof is inspired
by [9, Proposition 5], but here we use a different auxiliary function and a different
problem to obtain a useful family of test functions. First, if we choose a smooth
test function £ € C3°(R* x [0,7T]), the weak solution w satisfies
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(1) w e LOO(ST)7
(i) D(w) € D(w) + L2(0, T; Wy *(R+)), where @ € C*°(R") is a smooth func-
tion with w = Uy when x =0 and w = —V; when z > 1,
(iii) w satisfies

/R . wo(2)&(x, 0)dz + / /S ) wéydzdt = / . D(w),E,dadt. (4.7)

Theorem 4.2. Let ¢ > 0 and consider two solutions w,w of problem (4.5) with
initial data wq, Wy respectively, then

// |w — w|dedt < C(T)/ |wo — wo|de, (4.8)
St Rt
and there exists at most one solution of problem (4.5) for given initial function wy.

Proof. We know that there exists &, € C5°(RT x [0,T]) such that &, — & in
W,2(St) as m — co. Now we can rewrite (4.7) as

/R _ wo(@)én (@, 0)dz + / /S ) wémdadt = / . D(w)émardrdt,

with &, € Cg°(Rx [0, 7)), then letting m — oo, we deduce that for all € € W, ?(Sr)
with £(-,7) = 0 and £(0,-) = 0, the difference w — & satisfies

= (= )6+ o)t + [ wo— a)eoas, (49

R+
D(w) — D(w
-2 .
where a := w — W
0 otherwise.
Observe that a € L (Sr), now consider a sequence {a,} of smooth function

an —a
such that 2 < a,, < [la||pe(s;) + = and — — 0 almost everywhere in St as

n \/an
n— oo.
Let &, € W, %(St) be the solution of problem
A= gnt + anénwwa in ST7
£,(0,t) =0, te(0,7), (4.10)
Enlx, T) =0, x € R,
where A € C(R* x [0,T)).
The existence of a solution to this problem follows from standard parabolic

theory, see for example [11, TV, Theorem 9.1]. We claim that the following estimates
hold,

@) N€nllzoe(sr) < CUAIL=(s7),T);

@ [ /S s < COLT),
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The maximum principle and a comparison of én with the functions 52‘ , é; defined
by

EF— (Tt g _ 0T,
where o = T || A|| oo (57, gives (i).

To prove (ii), multiplying the equation of &, by &nee and integrating over Rt x
(t,T), we get

/tT . Mnwodzdt = %/W (€nz)?(t)dx + /tT /R+ n (Eppn) 2t

We deduce from above that
J] anuedsdt < 15 Pasl i
St
Using &, as a test function of (4.9), we obtain

0= //ST (w — @) [)\ +(a— an)ém} dadt + / (wo — Wo)én(, 0)da.

R+

We deduce by Holder’s inequality and (ii) that
lim sup ’// (w — ) (a — an)énps
n—oo ST

a—a
< lim bupH// w — W i
lim [t

Thus, in the limit n — oo, we get

//ST (w — w)Adzdt < C(||A|| e (s7), T) /]R+ (wo — o).

|Vanénza

L2(ST)

L2(ST) -

Taking a sequence {\; }ien, Aj € C°(St) with [[Ai]| e (s,) < 2 and A; — sgn(w—0)
almost everywhere, we obtain by letting ¢ — oo

// lw — |dadt < C(T)/ o — |z .
St R+

By Theorem 4.1 and Theorem 4.2, we obtain the following.

Theorem 4.3. Lete > 0. Then there exists a unique solution w of the limit problem

(4:5).

5. The whole-line case: Problem (4.5)

In this chapter, we consider the problem (4.5) on the whole real-line by using similar
arguments to those used in Section 2 in the half-line case. We omit most of the details
and concentrate on differences between half-line case and whole line case.
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5.1. Fzistence and uniqueness of weak solutions for e > 0

Let € > 0. Similarly to the half-line case, we use an approximate problem to establish
existence of solutions of (1.4). For each R > 1, let (5.1) denote the problem

(u) - v, (I’t) € (_R7 R) X (O,T),
= gb v)M - kuv (z,t) € (—R,R) x (0,7,
( )o(—R,t) = ¢(u)z(R,t) =0, for t€(0,7), (5.1)
P(v)a(— th) P(v)z(R,t) =0, for t€(0,7),
u(,0) = v p(@),  0(2,0) = e qla), for @€ (—R,R),
where Ué,vag,R € C?(R™) are such that 0 < u’&R <Up, 0< v§7R < Vy and
o Us — (Up — ub)p® 2 <0, o vhpT x <0,
Of uk x >0, OF Vo— (Vo —uf)p™ x>0,

(5.2)

which define the functions u’& R,v‘i r on the whole real line, where the family of
cut-off functions Y% € C°(R*) with R > 1 are defined as ) = 1 when |z| < R
and ¢ =)' (z +1 — R) when |z| > R where ¢)* € C* (R) is a even, non-negative
cut-off function such that 0 < o!(x) <1 for all z € R, ¢! (x) = 1 when |z| < 1 and
l(z) = 0 when |z| > 2.
Define the family of test functions
Fr={¢€C'(Qr): £.T)=0fort € (0,T) and supp& C [~J,J] x [0, 7]
for some J > 0} .
(5.3)

Arguments analogous to those used in Section 2 yield existence of solutions of
Problem (1.4) by passing to the limit R — oo in problem (5.1). We leave the details
to reader and simply state the result.

Theorem 5.1. Suppose € > 0. Then for given k > 0, there exists a weak solution
(uF,vF) € (L=(Qr))? of (1.4) such that for each J >0

(i) d(u*) € L2(0,T;WH((=J, 7)), ¢(v*) € L0, T WH2(—J,J));
(ii) (uF,v*) satisfies

/ulg\P(x,O)der// uk\Ptdxdt:/ gb(uk)xlllmdxdtJrk// TuFokdadt,
R T Qr T
/ Ve (z,0)dx + / / V" dadt = / / ep(v"), U dadt + k / / TukvFdadt,
R Qr Qr Qr

where ¥ € f"T.

The following comparison principle which follows from arguments analogous to
those used in the proof of Lemma 2.9, replacing ¥ by ¢* and integrals over St by
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integrals over @, to prove the uniqueness of the weak solution of Problem (1.4),
for both € > 0 and € = 0.

Lemma 5.1. Suppose € > 0 and let (a*, "), (u*,v*) be such that

((l) ﬁkvgk S LOO(QT)7

(b) ¢(@*), p(u*) € L2(0, T; W'2(R)), uf, uf, p(0") sz, $(uF) 0w € L' (Qr);
(C) Ekvgk € LOO(QT)7 @fayﬁ € Ll(QT);

(d) If e > 0, ¢(v%), p(v*) € L2(0, T; WHA(R)), ¢(0%) e, ¢(v¥)ee € LN (Qr);

(u*,o%), (uF,v*) satisfy

ﬂ? Z (b(ﬂk)a:x - kﬂkﬁka Hf S (@k)zx - kaQk, in QT?
Uf < ep(0)ze — KUT*,  0f > e(0F)an — k0", in Qr,
Hk(~,0) > gk(-,O), Ek(-,O) < yk(-,O)7 on R.

Then
) Ek < yk in QT'
The following two corollaries follow immediately from Lemma 5.1.

Corollary 5.1. Suppose € > 0 and k > 0. Then for given initial data u’g,vg, there
is at most one solution (uF,v*) of (1.4).

Corollary 5.2. Let (u*,v¥) be a weak solution of (1.4). Then we have
0<uf(x,t) <Uy and 0<o(x,t)<Vy for (z,t) € Qr. (5.4)

5.2. A priori bounds and existence of weak solutions for e = 0

Similar to the half-line case, the following a priori bounds will be used to study the
e — 0 and k£ — oo limits.

The next result follows from a similar argument to that of [4, Lemma 2.12] and
is the whole-line analogue of Lemma 3.1. Since this result is crucial in the following
and the whole-line requires the term kuwv to be controlled by the equation of u* on
R* and the equation of v* on R™, we give a short proof here for the convenience
of the reader.

Lemma 5.2. There exists a constant C > 0, independent of € > 0 and k > 0, such
that for any solution (u¥,v*) of (1.4), we have

/ / kuFoFdadt < C.
T

Proof. Define 8 € C°° (R) such that 0 < 81(z) < 1 for all z € R, 8%(z) = 1 when
x €]0,1] and B'(z) = 0 when z € (—o0, —1] U [2,00). Then given L > 1, the family
of cut-off functions ¥ € C°°(R) are defined by 8% (x) = B! when x < 0, ¥ (z) =1
when z € [0, L] and 8 (z) = ' (z+1— L) when & > L. We also define 5~ € C*®(R)
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by BE(z) = BE(—x) for all 2 € R. Note that 0 < gE(z), B4 (x) < 1 for all z € R
and BL, BL BE, BE. are bounded in both L>°(R) and L'(R) independently of L.

Multiplying the equation for u* by AL and integrating over R x (0,y) where
to € (0,7, give

/R Bk (z,to)dz + k /0 ! /R BlurvFdedt = /0 . /R BL p(u)dxdt + /R BLuf (z)dz,

which, by the definition of 3%, (5.4) and u§ is bounded independently of k in
L'(RT), imply that the right-hand side is bounded independently of L and k, given
the existence of C' > 0 such that for all £ > 0 and ¢ € (0,7

L+1 to L+1
/ Bruk(x,to)dx + k / / plukvkdedt < C, (5.5)
—1 0 —1

and then, letting L — oo and using Lebesgue’s monotone convergence theorem give

T )
k / / uFvkdzdt < C. (5.6)
0 0

Similarly, since {v§} is bounded independently of k in L'(R™), multiplying the
equation for v* by 4% and integrating over R x (0,) yields that C' can be chosen
large enough that for all L and k > 0, we have

1 to 1
/ Lo (x, to)dx + k/ / pEuFvkdzdt < C, (5.7)
—o00 0 —o0

and hence, letting L — oo yields that

T 0
k / / uFoPdzdt < C. (5.8)

0 —00

The result then follows from (5.6) and (5.8). m|

The L'-bounds of {u*(-,t) — uS°} and {v*(-,t) — v5°} follow from a similar

approach to that used in the proof of [4, Lemma 2.13].

Lemma 5.3. There exists a constant C' > 0 independently of € > 0 and k > 0,
such that for any solution (u*,v*) of (1.4), we have

[u*(-,t) = w1y < C and [0 (-, 1) = v5°[| 1 (m) < C. (5.9)
The following corollary is immediate from (5.4) and the Mean Value Theorem.

Corollary 5.3. There exists a constant C' > 0 independently of € > 0 and k > 0,
such that for any solution (u*,v¥) of (1.4), we have

l6(u®) (- t0) = ¢(ug)ll1my < € and  [[6(v*)(,t0) = &(v5°) |1y < €, (5.10)
for all ty € [0,T).
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The following is the whole-line analogue of Lemma 3.3, which follows from the
the similar arguments to the proof of Lemma 3.3, replacing ¢% with 1" and integrals
over St with Qr.

Lemma 5.4. Suppose that € 0. Then there exists C > 0, independent of € > 0 and
k >0, such that for any solution (u¥,v*) of (1.4),

// )o|?dodt < C,  and // )e2dzdt < C. (5.11)

Recall the notion for space and time translates introduced in (2.14). The fol-
lowing results are the estimates for the differences of space and time translates of
solutions, which follow from the same form of arguments used to show [4, Lemma
2.15]. Here we using sgn(¢(u*) — ¢(Ssu*)) = sgn(u* — Ssu*) and [8, Lemma 7.6] to
deal with the nonlinear diffusion.

Lemma 5.5. Suppose ¢ > 0 and let (u*,v¥) be a solution of (1.4) satisfying (5.4).
Then there exists a function K > 0 independent of € > 0 and k > 0 such that
K(0) =0 as |0]| = 0, and fort € (0,T],

/R |6(u) — $(S5uh)]| + |6(v) — 3(S50*)| dz < K ().

The following result follows from arguments analogous to those used in the proof
of Lemma 3.5, replacing 1 by ¥ and integrals over R by integrals over R.

Lemma 5.6. Suppose ¢ > 0 and let (u*,v*) be a solution of (1.4) satisfying (5.4).
Then there exists C > 0, independent of € and k, such that for any 7 € (0,T),

/TT/|¢Tu W) Pdedt < 7C,

T—71
/ / |p(Tr0") — ¢p(v*)2dzdt < 7C.
0 R

We can now prove a convergence result for solution (u®,v*) of (1.4) as e — 0.

Lemma 5.7. Let k > 0 be ﬁxed and (u¥,vF) be solution of (1.4) satisfying (5.4)
with & > 0. Then there exist (u¥,v%) € (L>°(Q71))” such that up to a subsequence,
for each J >0

$(uf) = p(uf) in L*((0,J) x (0, 7)),
uf — uk a.e. in  (0,J) x (0,7),
$(vf) = (vf) i L*((0,7) x (0,7)),
vF = ok a.e. in  (0,J) x (0,7),
d(uz) — ¢(@) = ¢(uy) — o() in L (0, T;WH(R)),
as € — 0, where & € C*°(R) is a smooth function such that & = ud® for all |x| > 1
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Proof. It follows from Corollary 5.2, Lemma 5.3, 5.5, 5.6, 5.4 together with the
Riesz-Fréchet-Kolmogorov Theorem [1, Theorem 4.26]. We know that ¢(uf) —
#(uk) and ¢(vF) — ¢(v¥) almost everywhere in (—J,J) x (0,T), so since ¢! is
continuous, then we have u® — ¢~1(¢(u¥)) and v¥ — ¢~1(4(v*)) almost everywhere
in (—J,J) x (0,7T). O

Lemma 5.7 and Corollary 5.2 enable the following result to be established using

arguments similar to those that yield Theorem 3.1. We omit details of the proof.

Theorem 5.2. Let ¢ = 0 and k > 0. Then Problem (1.4) has a unique weak
solution (u*,v*) € (L>°(Qr))? such that

(i) (u*) € L0, T; W2 ((=J, J)));
(ii) (u*,v*) satisfies

/ ulW(z,0)dz + / / bW, dadt = / P(uF), U, dadt + k / / TuFoPdadt,
R Qr Qr T

/1}5\1/(93,0)(156—1- // U ddt = k:// Turokdadt,
R T T

for all U € Fr, where Fr is defined in (5.3).

5.3. The limit problem for (1.4) as k — oo

The next result follows directly from arguments similar to those used in Section 2.3,
exploiting the whole-line estimates established in Section 4.2.

Lemma 5.8. Let ¢ > 0 be fived and (u*,v*) be solutions of (1.3) satisfying (5.4)
with k > 0. Then there exists (u,v) € (L>(Qr))? such that up to a subsequence,
for each J >0

P(u*) = p(u) in L*((=J,J) x (0,T)),
uF = ae. in (=J,J) x (0,T),
$(v*) = d(v) in L*((=J,J) x (0,T)),
(g ae. in (=J,J) x (0,T),
(u*) = p(a) = ¢(u) — ¢(a) in L? (0,7 W'*(R)),
and fore >0
$(v*) = 6(8) = ¢(v) — $(7) in L* (0, ;W (R)),

as k — oo, where 4,0 € C*(R) are smooth functions such that @ = ui®, v = v§°
for all |x| > 1. Moreover

wv =0 a.e. in Q. (5.12)
Taking w* and w as

w'i=ut -0, wi=u—uv, (5.13)
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we clearly again have that as a sequence k,, — 0o, w*» — w in L?(Qr) and almost
everywhere in Qr, and that u = wt, v =w™.

The following result focus on the function u— v, which is useful on the derivation
of the limit problem, which follows by using Lemma 5.8 and the fact that uf — ug°
and v§ — vE° as k — oo.

Lemma 5.9. Let € > 0 and (u,v) be as in Lemma 5.8. Then
// (u—v)¥dzdt + /(u(’f — %) ¥(x,0)dz = // [p(u)y — ep(v),] Updzdt,
T R T
for all U € Fr.
Now recall the definition of D from (4.4) and define the limit problem
Wy = D(w)xxy in QT7

’w(CU,O) = wo(a;) = { UOa if z < 0, (514)

-V, if x> 0.
Definition 5.1. A function w is a weak solution of problem (5.14) if

(i) we L>®(Qr),
(ii) D(w) € D(w)+ L2(0,T; WH2(R)), where @ € C*°(R) is a smooth function
with w = Uy when < —1 and w = —Vj when x > 1,
(iii) w satisfies for all T > 0

/wO\Il(x,O)dx + // w¥dzdt = // D(w) ¥ dadt, (5.15)
R Qr T
for all ¥ € Fr.

Theorem 5.3. The function w defined in (5.18) is a unique weak solution of prob-
lem (5.14) and the whole sequence (u¥,v*) in Lemma 5.8 converges to (w*, —w™).

Proof. The existence of a weak solution is a straightforward consequence of Def-
inition 5.1 and Lemma 5.9. The fact that the whole sequence (u*,v*) converges

to (wt, —w™) follows from the uniqueness, which can be proved by using the ar-
guments analogous to those used in Theorem 4.2, replacing spatial domain R by
R. |

6. Conclusions

In this paper we have established the existence of a unique weak solution of each
of the fast reaction nonlinear diffusion limit problems (4.5) and (5.14) as k — oo,
building on earlier work in the linear diffusion case [4]. Two pairs of problems are
treated in two cases, when € > 0, where both substances are mobile and undergo
nonlinear diffusion, and when ¢ = 0, where one substance is mobile with nonlin-
ear diffusion and the other one is immobile. Practically, such results can help to
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characterise the penetration of one substance into another and it is interesting to
investigate how the specific form of the nonlinear diffusion operators in (4.5) and
(5.14) affect the rate of this penetration. The companion work [3] both shows that
these solutions are in fact self-similar solutions satisfying certain ordinary differ-
ential equations, and includes some initial analysis of how some specific forms of
nonlinear diffusion affect the solution behaviour.

Here we consider the same type of nonlinear diffusion for both components for
simplicity, but a natural extension would be to explore convergence to other types
of limit problem when there are two different ¢ for the two components, motivated
by particular applications, for instance, one with a nonlinear diffusion term ¢ ()4
and the one with linear diffusion term v,,. Another interesting investigation would
to extend the one-dimensional study here to multidimensional spatial domains.
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